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ABSTRACT 

V i r t u a l l y  a l l  survey data  a r e  weighted, such a s  those from the 

N I T  experiments, the Health Interview Surveys, the National Ambulatory 

Care Survey,  and t he  Current Population Survey. Weighted means a r e  

common in survey design, where the design e f fec t  i s  defined t o  be the  

r a t i o  between t h e  var iance  of the estimated mean from a  s t r a t i f i e d  

random sample and the variance from a  simple random sample of the same 

s i z e .  Manski and Lerman (1977) derived the variance matrix f o r  parameter 

e s t i m a t e s  from weighted log l ikelihood functions. This paper shows 

tha t  t h e i r  r e s u l t s  can be considerably simp1 i f  ied under ce r ta in  condi- 

t i ons ;  the variance matrix is the design e f fec t  (a s c a l a r )  times the 

variance matrix from a  simple random sample. I n  general ,  any est imate,  

a  probit  coef f i c ien t ,  a  regression coef f i c ien t ,  a  mean, e t c . ,  can be 

used a s  the bas is  of sample design. 



The t h e o r y  of  sample design is  well known (Cochran, 1977),  and 

s o  is t h e  theory  of weighted l i ke l ihood  funct ions  ( C o s l e t t ,  1981 ; Manski 

and Lerman, 1977). However, i t  i s  a  f a c t  t h a t  few re sea rche r s  i n  econom- 

i c s  use e i t h e r  sample design o r  weighted l i ke l ihood  func t ions  i n  applying 

maximum l ike l ihood  es t imat ion .  Many a r e  unaware t h a t  variances change 

i n  well-known ways when da ta  a r e  weighted, and most cannot understand 

the  necessary theory and programming t o  a l t e r  t h e i r  computer packages 

t o  t ake  account of the well-known r e s u l t s  on weighted l i ke l ihood  func- 

t i o n s .  U n f o r t u n a t e 1  y ,  weighted d a t a  a r e  ubiqui tous i n  survey d a t a ,  

s o  the  neglec t  of weighted l i ke l ihood  func t ions  is  not  merely an  i r r i t a -  

t i o n ,  i t  is a  general  e r r o r .  The purpose of t h i s  paper is t o  i n t e r p r e t  

some sample design f o r  t he  case of weighted l i ke l ihood  func t ions ;  t o  

point out  a  p o t e n t i a l  s i m p l i f i c a t i o n  of t h e  weighted l i ke l ihood  func t ions  

under f a i r l y  extreme but not  unknown condi t ions ;  t o  apply these  r e s u l t s  

t o  the  method of moments; and t o  suggest  app l i ca t ions  t o  sample design.  

None of t h i s  is mathematically d i f f i c u l t ,  but a t  present  weighted l i k e l i -  

hood func t ions  seem t o t a l l y  impossible t o  most researchers .  That need 

not  be t h e  case.  

The f i r s t  s e c t  ion  rehashes the  quest ion of when weights a r e  needed 

i n  r eg res s ions  and o the r  models. The second s e c t i o n  der ives  t h e  f a m i l i a r  

design e f f e c t  from weighted l i ke l ihood  func t ions  under a  s p e c i f i c  assump- 

t i o n .  The t h i r d  sec t ion  r e l axes  the  assumption somewhat. The f o u r t h  

s e c t i o n  d iscusses  the  app l i ca t ion  of these  ideas  t o  the  method of mo- 

ments .  The f i f t h  s e c t i o n  presents  an empir ical  example using these  

i d e a s .  The s i x t h  s e c t i o n  sugges ts  how these  r e s u l t s  could be used 

i n  d e s i g n i n g  surveys intended t o  produce more than sample means and 

c r o s s -  t a b u l a t  i o n s .  A c o n c l u s i o n  fol lows.  An appendix r e i n t e r p r e t s  



s t a n d a r d  r e s u l t s  from sample des ign  i n  t e r m s  of  weighted l o g - l i k e l i h o o d  

f u n c t i o n s .  

S e c t i o n  1  : When Are Weights Required? 

Almos t  a l l  s u r v e y s  a r e  s t r a t i f i e d ,  f r e q u e n t l y  o n  t h e  b a s i s  of  

a  v a r i a b l e  of  a n a l y t i c a l  i n t e r e s t  s u c h  a s  income. The e f f e c t s  of  s t r a t i -  

f i c a t i o n  on t h e  v a r i a n c e s  of e s t i m a t e d  means is w e l l  known i n  s u r v e y  

a n a l y s i s .  ( S e e ,  f o r  example,  Cochran,  1977.)  R a r e l y  h a s  s t r a t i f i c a t i o n  

been c o n s i d e r e d  i n  t h e  t h e o r y  of  l i k e l i h o o d  f u n c t i o n s ,  however. Hausman 

and Wise (1979) used  a  we igh ted  maximum l i k e l i h o o d  procedure .  Manski 

a n d  Lerman ( 1977) showed t h a t  t h e  c o r r e c t  va r i ance-covar iance  m a t r i  x  

from a  weighted l o g  l i k e l i h o o d  f u n c t i o n  is n o t  t h e  u s u a l  i n v e r t e d  Hess ian  

m a t r i x  o r  t h e  i n v e r t e d  m a t r i x  o f  o u t e r  p roduc t s  of  t h e  f irst  d e r i v a t i v e s ;  

i n s t e a d ,  i t  is t h e  o u t e r  product  m a t r i x  pre- and p o s t - m u l t i p l i e d  by 

t h e  i n v e r t e d  H e s s i a n .  ( S e e  Manski  a n d  Lerman ,  1977, pp. 1984-5.) 

The a s y m p t o t i c  p r o p e r t i e s  of t h e  l i k e l i h o o d  r a t i o  t e s t  a r e  t h e n  based 

on t h a t  product  pre-  and p o s t - m u l t i p l i e d  by t h e  v e c t o r  of  d i f f e r e n c e s  

between t h e  t r u e  and e s t i m a t e d  v a l u e s  of  t h e  pa ramete r s .  A c o n s i d e r a b l e  

s i m p l i f i c a t i o n  o f  t h o s e  r e s u l t s  is p o s s i b l e ,  r e q u i r i n g  o n l y  a  s c a l a r  

c o r r e c t i o n  t o  t h e  c u s t o m a r y  and  more e a s i l y  computed v a r i a n c e s  and 

l i k e l i h o o d  r a t i o  t e s t s  c a l c u l a t e d  f o r  maximum 1 i k e l i h o o d  p rocedures .  

L e t  t h e  l i k e l i h o o d  f u n c t i o n  be d e s i g n a t e d  L, t h e  l o g  l i k e l i h o o d  

f u n c t i o n  L*, t h e  l o g  l i k e l i h o o d  o f  a n  o b s e r v a t i o n  o n  i n d i v i d u a l  i be 

f i ,  t h e  f i rs t  d e r i v a t i v e s  w i t h  r e s p e c t  t o  c o e f f i c i e n t s  0 be L* o r  f e ,  - 0 - - * and t h e  second d e r i v a t i v e s  w i t h  r e s p e c t  t o  e be L  - e e l '  and f e e l .  - - 
Assume t h a t  a  s a m p l e  o f  d a t a  X i s  drawn w i t h  unequal w e i g h t s ,  

s t r a t i f i e d  i n  some way. Let  y  d e n o t e  t h e  outcome of  i n t e r e s t .  I f  

t h e  sample  is s t r a t i f i e d  on  exogenous v a r i a b l e s  o n l y ,  and t h e  o b j e c t  



o f  t h e  a n a l y s i s  i s  t o  e s t i m a t e  endogenous v a r i a b l e s  g iven  exogenous 

v a r i a b l e s  ( a n d  n o t  t h e  d i s t r i b u t i o n  of  endogenous v a r i a b l e s  i n  t h e  

p o p u l a t i o n ) ,  t h e n  t h e  s t r a t i f i c a t i o n  may be ignored .  I f  s t r a t i f i c a t i o n  

i s  b a s e d  o n  e n d o g e n o u s  v a r i a b l e s ,  e  .g . ,  choice-based sampl ing ,  t h e n  

a  weighted l o g  l i k e l i h o o d  f u n c t i o n  i s  r e q u i r e d .  

The d i f f e r e n c e  b e t w e e n  e x o g e n o u s  and  endogenous s t r a t i f i c a t i o n  

h i n g e s  o n  t h e  d i s t u r b a n c e  i n  t h e  e q u a t i o n .  I n  e s s e n c e ,  w e i g h t s  a r e  

n e e d e d  when t h e  we igh t s  a r e  c o r r e l a t e d  w i t h  t h e  d i s t u r b a n c e s  i n  t h e  

s t a t i s t i c a l  model .  The r e g r e s s i o n  s e t t i n g  i l l u s t r a t e s  t h i s .  Assume 

y  = X B  + E f o r  endogenous y ,  exogenous X ,  and d i s t u r b a n c e  E .  S t r a t i f y i n g  

on X a l t e r s  t h e  d i s t r i b u t i o n  o f  y  but  n o t  E .  Thus, s t a t i s t i c s  based 

u l t i m a t e l y  on E ,  such  a s  t h e  v a r i a n c e s  of  t h e  e s t i m a t e d  c o e f f i c i e n t s ,  

a r e  n o t  a f f e c t e d  by s t r a t i f i c a t i o n  o n  X .  On t h e  o t h e r  hand,  s t r a t i f y i n g  

o n  y  a l t e r s  t h e  d i s t r i b u t i o n  of E i n  t h e  sample ,  i n c l u d i n g  t h e  v a r i a n c e .  

Note t h a t  i f  s t r a t i f i c a t i o n  is c a r r i e d  o u t  on a n  exogenous v a r i a b l e ,  

z ,  n o t  i n c l u d e d  i n  t h e  e q u a t i o n ,  t h e n  t h e  d i s t r i b u t i o n  o f  d i s t u r b a n c e s  

is a f f e c t e d  i f  z  s h o u l d  have been i n c l u d e d  d i r e c t l y  o r  i n t e r a c t i v e l y .  

A t e s t  of t h e  d i f f e r e n c e  o f  means can be w r i t t e n  a s  a  r e g r e s s i o n ,  b u t  

if t h e  samples  w i t h i n  t h e  groups whose means a r e  compared a r e  themse lves  

f u r t h e r  s t r a t i f i e d ,  t h e n  t h e  d i s t r i b u t i o n  o f  t h e  d i s t u r b a n c e  i s  a f f e c t e d  

i f  t h e  f u r t h e r  s t r a t i f i c a t i o n  i n v o l v e d  v a r i a b l e s  which a l s o  s h o u l d  

be i n  t h e  r e g r e s s i o n .  Note t h a t  o m i t t e d  v a r i a b l e  b i a s  o c c u r s  o n l y  

if t h e  o m i t t e d  v a r i a b l e s  a r e  c o r r e l a t e d  w i t h  t h e  dummy v a r i a b l e  i n c l u d e d  

i n  t h i s  i m p l i c i t  r e g r e s s i o n ,  bu t  t h e  d i s t r i b u t i o n  o f  E i n  t h e  sample 

is changed a s  l o n g  a s  any s t r a t i f y i n g  v a r i a b l e  i s  "omitted.11 The g e n e r a l  

p o i n t s  i l l u s t r a t e d  h e r e  h o l d  f o r  a l l  s t a t i s t i c a l  models; t h e  q u e s t i o n  

concerns  t h e  d i s t r i b u t i o n  o f  t h e  d i s t u r b a n c e .  



To c o n c l u d e :  W e i g h t s  a re  n e e d e d  when t h e  d i s t r i b u t i o n  of  t h e  

d i s t u r b a n c e  m u s t  be r e p a i r e d  (see Hausman and Wise ,  1976) .  Weights  

a r e  t h e r e f o r e  needed a l m o s t  i n v a r i a b l y  when means are  c a l c u l a t e d  from 

rea l  s u r v e y s ,  because  s t r a t i f y i n g  v a r i a b l e s  are found  among t h e  o m i t t e d  

v a r i a b l e s ,  e v e r y t h i n g  be ing  o m i t t e d  but  a c o n s t a n t .  I n  t h e  t e s t  of  

independence  of  rows and columns i n  a c r o s s - t a b u l a t i o n ,  no doub t  s t r a t i f y -  

i n g  v a r i a b l e s  a r e  o m i t t e d ,  s o  w e i g h t s  a r e  needed .  I n  r e g r e s s i o n ,  w e i g h t s  

are n o t  needed.  I n  choice-based s a m p l e s ,  w e i g h t s  a r e  needed.  

S e c t i o n  2 :  The F a m i l i a r  Des ign  E f f e c t ;  Weights  U n c o r r e l a t e d  w i t h  
Exogenous V a r i a b l e s  

A s  i n  Manski and Lerman ( 1 9 7 7 ) ,  i t  is  assumed t h a t  t h e  p r o b a b i l i t y  

mass o r  d i s t r i b u t i o n  f u n c t i o n  of  t h e  dependent  v a r i a b l e  i n  t h e  sample  

and i n  t h e  p o p u l a t i o n  are known. The r a t i o  o f  t h e  p o p u l a t i o n  p r o b a b i l i t y  

d i s t r i b u t i o n  f u n c t i o n  ( p d f )  t o  t h a t  i n  t h e  sample  is t h e  we igh t  used  

i n  t h e  l i k e l i h o o d  f u n c t i o n .  We assume i n  t h i s  s e c t i o n  t h a t  w e i g h t s  

a r e  s t o c h a s t i c a l l y  independen t  of a l l  exogenous and endogenous v a r i -  

a b l e s .  That  i s  t r u e  i f  t h e  o n l y  r e g r e s s o r  i s  a  c o n s t a n t  o r  i f  t h e  

r e g r e s s o r s  are sets  of  dummy v a r i a b l e s  u n c o r r e l a t e d  w i t h  t h e  w e i g h t s .  

I t  is u n l i k e l y  t o  be s t r i c t l y  t r u e  i n  g e n e r a l ;  i t  may o r  may n o t  be 

f a r  wrong i n  a s p e c i f i c  c a s e .  One c o u l d  t e s t  t h e  h y p o t h e s i s  of indepen- 

dence  o f  w e i g h t s  and exogenous v a r i a b l e s ,  f o r  example u s i n g  a r e g r e s s i o n .  
N 

The w e i g h t e d  l o g  l i k e l i h o o d  f u n c t i o n  i s  1 W i f i  The v e c t o r  of  
i =  1 

f i r s t  d e r i v a t i v e s  of f i  g i v e n  e*,  t h e  m a x i m u m l i k e l i h o o d  e s t i m a t o r ,  - 
is i n d e p e n d e n t l y  and  i d e n t i c a l l y  d i s t r i b u t e d  w i t h  t h e  u s u a l  mean ( z e r o )  

a n d  v a r i a n c e  ( t h e  H e s s i a n ) .  The a s y m p t o t i c  e x p e c t a t i o n  o f  t h e  o u t e r  

p roduc t  of t h e  f i r s t  d e r i v a t i v e s  i s  t h e  same as t h e  a s y m p t o t i c  e x p e c t a -  

t i o n  o f  t h e  H e s s i a n ;  f  i s  n o t  a w e i g h t e d  l o g  l i k e l i h o o d  f u n c t i o n .  



E ( - f  ) = E ( f  i o f )  i .i .d.  f o r  a l l  i .  T h i s  u s u a l l y  l e a d s  t o  t h e  - - - 
a s s e r t i o n  t h a t  

u s e d  i n  d e r i v i n g  t h e  p r o p e r t i e s  of t h e  maximum l i k e l i h o o d  e s t i m a t o r  

and t h e  l i k e l i h o o d  r a t i o  t e s t .  Here t h e  r e s u l t  i s  d i f f e r e n t .  

The s t o c h a s t i c  p a r t  of  t h e  model d e t e r m i n e s  t h e  n a t u r e  and form 

o f  t h e  l i k e l i h o o d  f u n c t i o n .  Problems a r i s e  when w e i g h t s  a r e  c o r r e l a t e d  

w i t h  t h e  d i s t u r b a n c e .  Suppose f o r  argument t h a t  t h e r e  i s  o n l y  one 

e q u a t i o n  w i t h  one d i s t u r b a n c e  E .  Pe r son  i draws a  p a r t i c u l a r  va lue  

of t h e  d i s t u r b a n c e  and may o r  may n o t  be i n  a n  oversampled s t r a t u m .  

If t h e  same person  were i n  t h e  same p o p u l a t i o n  r e p e a t e d l y  hav ing  d i f f e r -  

e n t  E ' S  each  t i m e ,  and t h e  E ' S  were obse rved  o n l y  when pe r son  i was 

drawn i n t o  t h e  sample ,  t h e  obse rved  E ' S  would t r a c e  o u t  t h e  unweighted 

l i k e l i h o o d  f u n c t i o n ,  which is n o t  t h e  t r u e  d i s t r i b u t i o n  o f  E ' S ,  s e e n  

i f  p e r s o n  i I s  E w e r e  observed e v e r y  t ime .  Weighting t h e  v a l u e s  of  

f i  a l t e r s  t h e  s a m p l e  d i s t r i b u t i o n  o f  E t o  r eproduce  t h e  p o p u l a t i o n  

d i s t r i  b u t  i o n .  However, t h e  w e i g h t s  have a n o t h e r  e f f e c t .  They a l t e r  

t h e  f o r m  of  t h e  l i k e l i h o o d  f u n c t i o n  a s  n o t e d  above ,  and t h e y  a l t e r  

t h e  form o f  t h e  v a r i a n c e .  

From ( 2 )  and ( 3 )  i t  f o l l o w s  t h a t :  



* 
I f  t h e  we igh t s  were d e f i n e d  a s  W i  n o t  summing t o  N ,  t h e  s c a l a r  f a c t o r  

* * 2 . ~ )  = NLW:~/ (EW:)~ .  The s c a l a r  
would be T ( w ~ - N / E w ~ ) ~ / N  = $ L W ; ~ / (  (EW,) 

* * * 
f a c t o r  exceeds  one and t h u s  E(-L ) < E(LOLO, 1. 0 0 '  - - - 

With t h i s  r e s u l t ,  one may proceed t o  e v a l u a t e  t h e  weighted v a r i a n c e  

* 
d e r i v e d  by Manski  a n d  Lerman. They d e f i n e  R = E(-L ) a n d  A = 

hT 
0 0 ' - * * 2  

E ( L O L O , ) .  Let  k = N/ 1 W i .  - - i =  1 
Then, 

R = Ak, R-' = A - ' / k ,  and R - ~ A O - ~  = R- ' /k  = A- ' /k2 .  

Because k - < 1  f o r  a l l  p o s i t i v e  w e i g h t s  W i ,  

More s t r o n g l y ,  

I tR - 'AR- '  l i j  1 ~ 1 " ~  J L ~ A ~ ~ I ,  a l l  i and J .  

So,  use  of  t h e  conven t iona l  i n v e r t e d  Hess ian b i a s e s  a l l  v a r i a n c e s  and 

c o v a r i a n c e s  t o w a r d  z e r o ,  and use  o f  t h e  o u t e r  p roduc t  approximat ion 

d o e s  s o  e v e n  more .  However, k i s  e a s i l y  c a l c u l a t e d  i n  any sample ,  

* 2  s i n c e  it is k = ( E N i  )/NLwi2 f o r  w e i g h t s  s c a l e d  t o  any  sum. 

The l i k e l i h o o d  r a t i o  s t a t i s t i c  i s  b i a s e d  upward. T h i s  f o l l o w s  

from t h e  f a c t  t h a t  t h e  v a r i a n c e s  a r e  u n d e r s t a t e d  by u s i n g  t h e  convent ion-  

a l  f o r m s .  The c h i - s q u a r e  s t a t i s t i c  is based on  a  Tay lo r  expans ion  

o f  t h e  l o g  l i k e l i h o o d  f u n c t i o n  i n  t h e  l i k e l i h o o d  r a t i o ,  h ( s e e  The i l ,  

1971 , PP. 396-7) 



A 

where e is the  r e s t r i c t e d  maximum l ike l ihood  es t imator .  Then 

The matr ix i n  the  middle of t he  r i g h t  s i d e  of ( 8 )  has t h e  same 

a s y m p t o t i c  d i s t r i b u t i o n  f o r  a l l  i n d i v i d u a l s ,  whether the  sample i s  

o r  is not weighted; f  is not  a  weighted log  l i ke l ihood  funct ion .  Asymp- 

2 t o t i c a l l y ,  of the terms on the  r i g h t  s i d e  of ( 8 ) ,  on ly  ZWi depends 

on i n d i v i d u a l s  c h a r a c t e r i s t i c s .  The r i g h t  s i d e  without t h e  s c a l a r  

Z W ~  c o n s t i t u t e s  t h e  information matr ix of a  random sample s i z e  of N, 

and can be shown t o  follow a chi-square d i s t r i b u t i o n  with degrees of 

freedom e q u a l  t o  t h e  number of r e s t r i c t i o n s  involved. (See S i l v e y ,  

1975, pp. 113-4 . )  Thus, it fol lows from ( 8 )  t h a t  the l i ke l ihood  r a t i o  

t e s t  is based on a  number which must be mul t ip l i ed  by k t o  have t h e  

u s u a l  c h i - s q u a r e  d i s t r i b u t i o n .  The s i z e  of t h e  information matr ix 

is ove r s t a t ed  without t h e  co r rec t ion  f a c t o r  k ;  t h i s  i s  equiva lent  t o  

t h e  s t a t e m e n t  t h a t  t he  covariance matr ix is understated.  Note t h a t  

t he  co r rec t ion  f a c t o r  is needed whether t h e  d i f f e rence  between maximized 

l i k e l i h o o d  funct ions  is ca lcula ted  using ( 6 )  o r  ( 8 ) .  The asymptotic 

d i s t r i b u t i o n  of t h a t  s t a t i s t i c  is a f f ec t ed  by weights.  

None of t h e  arguments depend on the  d i s t r i b u t i o n  involved i n  s e t t i n g  

up t h e  l i k e l i h o o d  f u n c t i o n .  The co r rec t ion  f a c t o r ,  t he re fo re ,  does 



n o t  d e p e n d  o n  t h e  d i s t r i b u t i o n  i n v o l v e d ,  s o  l o n g  a s  t h e  assumpt ions  

s u p p o r t i n g  maximum l i k e l i h o o d  e s t i m a t i o n  h o l d .  

Two s t a n d a r d  examples of maximum l i k e l i h o o d  e s t i m a t i o n  which f i t  

t h e  assumpt ions  a r e  p r e s e n t e d  i n  an  append ix  t o  i l l u s t r a t e  t h e s e  p o i n t s :  

e s t i m a t i n g  t h e  mean of  a  normal d i s t r i b u t i o n  w i t h  a  weighted sample  

a n d  t e s t i n g  t h e  h y p o t h e s i s  of independence i n  a  c r o s s - c l a s s i f i c a t i o n  

u s i n g  t h e  l i k e l i h o o d  r a t i o  ch i - square .  

S e c t i o n  3 .  Weights C o r r e l a t e d  w i t h  Endogenous V a r i a b l e s  

Now E ( f  i e f  i e ,  ) and  E ( f i e e , )  a r e  n o t  c o n s t a n t  a c r o s s  i n d i v i d u a l s  
- - - 

b e c a u s e  t h e  w e i g h t s  a r e  c o r r e l a t e d  w i t h  t h e  e x p l a n a t o r y  v a r i a b l e s .  

I f  t h e  w e i g h t s  depended on  t h e  mode o f  t r a v e l  chosen,  a s  i n  Manski 

and  Lerman, t h e  same model t h a t  e x p l a i n s  t h e  mode chosen would e x p l a i n  

t h e  w e i g h t s  a s  w e l l .  

Assume t h a t  t h e  d i s t r i b u t i o n  o f  d a t a  i n  X converges  t o  an  a s y m p t o t i c  

d i s t r i b u t i o n ,  which can depend upon t h e  sample d e s i g n ,  a s  t h e  sample  

s i z e  grows. Then both  t h e  weighted o u t e r  product  of  f i r s t  d e r i v a t i v e s  

and t h e  we igh ted  second  d e r i v a t i v e s  a r e  f u n c t i o n s  of  t h e  d a t a  and parame- 

t e r s  i n  t h e  s e n s e  of  Amemiya's (1973,  p. 1002) s t a t e m e n t  of  J e n n r i c h ' s  

C19691 Theorem 1 :  

LEMMA 1 (Theorem 1 of  J e n n r i c h ,  1969, p. 635) :  Le t  X be Euc l idean  

s p a c e  and 8 be a  compact s u b s e t  of  a  Euc l idean  s p a c e .  I f  h  i s  a  bounded 

and  c o n t i n u o u s  f u n c t i o n  on  X x  8 ,  and i f  {GT} i s  a  sequence o f  d i s t r i b u -  

t i o n  f u n c t i o n s  on X which converge t o  a  d i s t r i b u t i o n  f u n c t i o n  G, t h e n  

un i fo rmly  f o r  a l l  8 i n  8. For example 



The i m p l i c a t i o n  is  t h a t  t he  weighted funct ion  fol lows a s i n g l e  

d i s t r i b u t i o n  asymptot ical ly.  However, t h e  weight i s  p a r t  of the funct ion  

under t h e  i n t e g r a l  and cannot be separa ted  i f  i t  is  a func t ion  of t he  

da ta  X .  

Note t h a t  E ( f  e f  e ,  ) is not  made a funct ion  of X by weighting 
- - 

which is based on values of explanatory va r i ab le s .  The values of f i e f i e ,  
- - 

s t i l l  c o n s t i t u t e  a  random sample. So, even though t h e  weights normally 

a r e  funct ions  of t h e  d a t a ,  f r equen t ly  l i n e a r ,  t he  E ( f i e f i e , )  a r e  cons tant  - - 
w i t h i n  ca t egor i e s  of the outcome. Only t h e  observed d i s t r i b u t i o n  of 

X i s  a f f e c t e d .  Choice-based sampling r e q u i r e s  weights based on t h e  

outcomes. However, within d i s c r e t e  ca t egor i e s  of t h e  outcome, e i t h e r  

ranges of income i n  a  weighted sample design from an N.I .T .  experiment 

o r  d i s c r e t e  choices of mode of t r a v e l  o r  p a r t i c i p a t i o n  versus nonpar t ic i -  

pa t ion ,  over persons i making choice j ,  o r  being i n  t h e  range j ,  

Consequently, i n  Manski and Lermanl s variance formula, $2-' AQ-' , al though 

a s i n g l e  s c a l e  f a c t o r  cannot be der ived ,  t h e  c a l c u l a t i o n  of second 

d e r i v a t i v e s  can be avoided. I f  t he  choices j = l  t o  C ,  then 



R must be i n v e r t e d ,  bu t  i t  can be e s t i m a t e d  by d e f l a t i n g  each  i n d i v i d -  

u a l ' s  o u t e r  product by a  des ign  e f f e c t  c a l c u l a t e d  w i t h i n  t h e  a p p r o p r i a t e  

c h o i c e  c a t e g o r y .  Thus, 

n-l = ( ~ d . 8 .  (EBj ) (EdjBj)  - 1 and J J  

w h e r e  t h e  A ' s  a n d  B ' s  a r e  a p p r o p r i a t e  p o s i t i v e  d e f i n i t e  m a t r i c e s .  

Both R and A can  be accumulated i n  one pass  through a  s e t  of  d a t a .  

S e c t i o n  4:  The Method of  Moments 

I n  b r i e f ,  t h e  method of  moments w i t h  weighted d a t a  works a s  f o l -  

lows. See Hansen (1982) .  O r t h o g o n a l i t y  c o n d i t i o n s  a r e  c o n s t r u c t e d :  

Note t h a t  g j  is a  v e c t o r  f u n c t i o n ,  whose expec ted  va lues  a r e  z e r o  but 

no t  ze ro  f o r  any person j .  They cou ld  be ,  e . g . ,  p r o d u c t s  of  exogenous 

v a r i a b l e s  and r e s i d u a l s .  The f u n c t i o n  is minimized by choosing 

8. These e s t i m a t e s  a r e  used t o  e s t i m a t e  - 



Then - o ' v - ' ~  - is minimized. The - 0 t h u s  o b t a i n e d  is d i s t r i b u t e d  normal ly  

w i t h  a  mean o f  t h e  t r u e  parameter v e c t o r  and v a r i a n c e  D l v - 1 ~ .  I n  t h e  

method of moments, second d e r i v a t i v e s  a r e  never  needed. However, t h e  

we igh t s  a r e  needed i f  t h e  d i s t r i b u t i o n  o f  t h e  d i s t u r b a n c e s  i s  a f f e c t -  

ed by t h e  we igh t ing  (MOM i s  " f i t t i n g  a l l  models by OLS o r  GLS.") If 

t h e  w e i g h t s  a r e  n o t  c o r r e l a t e d  w i t h  t h e  o r t h o g o n a l i t y  c o n d i t i o n s  o r  

t h e i r  first d e r i v a t i v e s  , then  t h e  same des ign  e f f e c t  holds--normalized 

w e i g h t s ,  Cw2/N f o r  NCw2/ ( C w .  )2  i n  g e n e r a l .  When t h e  w e i g h t s  a r e  c o r r e l a t -  
J J J 

e d  w i t h  t h e  o r t h o g o n a l i t y  c o n d i t i o n s  o r  t h e i r  first d e r i v a t i v e s  , t h e y  

c a n  be a n a l y z e d  a n a l o g o u s l y  t o  t h e  c a s e  of  MLE--but we igh t s  shou ld  

be t a k e n  i n t o  account .  

S e c t i o n  5: An A p p l i c a t i o n  t o  t h e  Case of  a  P a r t i c i p a t i o n  Equat ion 

I n  t h i s  s e c t i o n ,  a  s t u d y  o f  t h e  d e c i s i o n  by e l d e r l y  pe rsons  t o  

p a r t i c i p a t e  i n  t h e  Food Stamp Program is  used t o  i l l u s t r a t e  t h e  i d e a s  

d e v e l o p e d  concern ing  weighted v a r i a n c e s .  F i r s t ,  t h e  problem and t h e  

d a t a  a r e  d i s c u s s e d  b r i e f l y ,  t h e n  t h e  r e s u l t s  of t h e  e s t i m a t i o n  a r e  

p r e s e n t e d  and d i s c u s s e d .  

The Food Stamp Program is a  w e l f a r e  program under which many low- 

income households a r e  e l i g i b l e  t o  r e c e i v e  stamps i n  d o l l a r  denominat ions  

t r a d e a b l e  f o r  food i n  most s t o r e s .  A p e r s i s t e n t  problem i n  t h e  program 

from t h e  p o i n t  of view of proponents has  been t h e  low r a t e  of accep tance  

o f  t h e  stamps by e l i g i b l e s ,  f o r  which l a c k  of  in fo rmat ion  about  t h e  

program and t h e  s t igma of w e l f a r e  a r e  p o s s i b l e  e x p l a n a t i o n s .  A s t u d y  



of  e l d e r l y  e l i g i b l e s ,  t h e  Food Stamp Cashout P r o j e c t ,  was designed 

t o  examine f a c t o r s  a s soc ia t ed  with r e j e c t i o n  of the stamps. (Cashout 

r e f e r s  t o  payment i n  cash r a t h e r  than stamps, a  s t r a t e g y  f o r  reducing 

t h e  s t i g m a .  ) That  pro jec t  i s  discussed i n  g rea t  d e t a i l  i n  Bu t l e r ,  

O h l s  , and Posner ( 1  985 ) and Blanchard e t  a1  . ( 1982 ) . 
H e r e ,  a  p r o b i t  model of p a r t i c i p a t i o n  in  t h e  program by 1,685 

e l i g i b l e  persons i s  used t o  i l l u s t r a t e  t h e  e f f e c t s  of weighting. The 

sample design of t he  p ro jec t  e n t a i l e d  sampling based, i n  p a r t ,  on p a r t i c i -  

pa t ion ,  because the  lists of p a r t i c i p a n t s  reduce t h e  c o s t  of drawing 

a  sample. That is the  primary motivation mentioned by Manski and Lerman 

f o r  such sampling. The explanatory va r i ab le s  include sociodemographic 

v a r i a b l e s ,  a g e ,  r a c e ,  sex ,  whether the  e l i g i b l e  person l i v e s  a lone ,  

years  of educat ion,  and an i n t e r a c t i o n  between sex  and l i v i n g  a lone;  

geographical dummy va r i ab le s  s tanding  f o r  s i t e  (New York S t a t e ,  South 

Carol ina ,  o r  Oregon) and whether cash was paid ( a  fldemonstrationlt s i t e ) ;  

t h e  p o t e n t i a l  bonus a v a i l a b l e  and o ther  gross  income; frequency of 

g e t t i n g  out  of t he  house ( d a i l y ,  weekly, o r  l e s s  o f t e n ) ,  d i s t ance  t o  

the  Food Stamp o f f i c e ,  and whether any bad experiences had ever  been 

encountered  t h e r e ;  and a  measure of knowledge of n u t r i t i o n :  how many 

o f  t h e  b a s i c  f o u r  food  groups (breads,  f r u i t s  and vegetables ,  meat 

and high-protein s u b s t i t u t e s ,  and da i ry  products)  a r e  named by example 

i n  l i s t i n g  foods which should be ea ten  on a d a i l y  bas i s .  

The da ta  a r e  summarized i n  Table 1 .  Maximum l ike l ihood  e s t ima tes  

a r e  presented i n  Table 2, and method of moments es t imates  a r e  presented 

i n  Table 3. The r e s u l t s  a r e  s t r i k i n g l y  s i m i l a r .  Only one c o e f f i c i e n t ' s  

s i g n  e v e r  c h a n g e s ,  and t h a t  one, male-alone, has a  t -value a t  most 

of 0.3. A l l  magnitudes a r e  extremely c l o s e  t o  each o the r .  S imi l a r ly ,  



Table 1 

Summary S t a t i s t i c s  f o r  Variables  Used i n  the  P a r t i c i p a t i o n  Equation 

Standard 
Mean Deviation Maximum Minimum 

Constant 

Age 

Black 

Ma1 e 

Years of Education 

Alone 

NY Demonstration S i t e  

NY Comparison S i t e  

SC Demonstration S i t e  

S C  Comparison S i t e  

OR Demonstration S i t e  

OR Comparison S i t e  

Food Stamp Bonus 

Other Gross Income 

Out Dai 1 y 

Out Weekly 

Out Less Often 

Male and Alone 

Distance t o  Food Stamp Off ice 

Bad Experiences a t  Food Stamp Office 

Knowledge of Nu t r i t i on  

Sampling Weight 

P a r t i c i p a t i o n  0.675 0.468 1 0 

Sample Size:  1685 



Table 2 

Maximum Likelihood Est imates  of a P r o b i t  Model 
of P a r t i c i p a t i o n  i n  t h e  Food Stamp Program 

Unwei ghted Weighted 
Ra t io  of 

Standard Standard Standard 
Coe f f i c i en t  Er ror  Coe f f i c i en t  Er ror  E r ro r s  

Constant 

Age - 65 

Black 

Male -0.356 0.208 -0.174 0.348 1 .670 

Years of Education -0.036 0.01 1 -0.051 0.01 6 1.390 

Alone -1.114 0.21 7 -1.380 0.357 1.645 

NY Demonstration S i t e  0.560 0.156 0.542 0.196 1.258 

NY Comparison S i t e  0.055 0.131 0.186 0.190 1.454 

SC Demonstration S i t e  

SC Comparison S i t e  

OR Demonstration S i t e  

FS Bonus ( 1 0 ' s )  

Gross Income ( 1 000 ' s  1 

Out Da i ly  

Out Week1 y 

Male - Alone 

Distance 

Bad Experiences 

Know1 edge 

Average E f f ec t  

Theo re t i ca l  E f f e c t  

Sample S i z e  = 1685 



Table 3 

Method of Moments Est imates  of a Probi t Model 
of P a r t i c i p a t i o n  i n  t h e  Food Stamp Program 

Unweighted Weighted 
Rat io  of 

Standard Standard Standard 
Coef f i c i en t  Er ror  Coe f f i c i en t  Er ror  E r ro r s  

Constant 5.281 0.565 5.71 5 0.669 1.186 

Age - 65 -0.01 9 0.006 -0.023 0.008 1.562 

Black 0.193 0.089 0.103 0.132 1 .479 

Ma1 e -0.366 0.252 -0.135 0.370 1.469 

Years of Education -0.034 0.01 1 -0.049 0.01 6 1.447 

Alone -1.309 0.288 -1.487 0.389 1 -353 

NY Demonstrat ion S i t e  0.589 0.154 0.551 0.1 97 1 .274 

NY Comparison S i t e  

SC Demonstration S i t e  

SC Comparison S i t e  

OR Demonstration S i t e  

FS Bonus ( 1 0 ' s )  

Gross Income (1 000 '3) 

Out Daily 

Out Weekly 

Male - Alone 

Distance 

Bad Experiences 

Knowledge 

Average Ef fec t  

Theore t i ca l  E f fec t  

Sample S ize  = 1685 



the standard e r rors  a r e  very close in  MLE and MOM est imates,  but in  

both ca se s  the  standard e r rors  a re  increased by taking i n to  account 

the weights. The average e f f e c t ,  1.378 under MOM and 1.515 under MLE, 

is close t o  the  theoret ical  design e f fec t  fo r  these da ta ,  1.558. The 

t-values a r e  overstated when weights a r e  ignored. 

Section 6: Implications fo r  Sample Design 

The r a t i o  of the variance obtained using a  par t icular  sample design 

and sample s i ze  t o  the variance obtained using a  simple random sample 

of the  same s i z e  i s  the design e f fec t .  (See Cochran, 1977, p .  21, 

98-101 . )  The sample design in a  r ea l  survey normally involves trade- 

o f f s  between the  cost  of the interviews and the variances of the s t a t i s -  

t i c a l  estimates obtained from the survey. In pract ice ,  the planning 

involves the assumption t ha t  sample means a r e  t o  be estimated. Previous 

e s t i m a t e s  of r e l e v a n t  means a r e  obtained from other surveys, t he i r  

variances a r e  noted, and exp l i c i t  trade-offs a r e  calculated.  However, 

the variances of regression coef f ic ien t s ,  probit  coef f ic ien t s ,  or  any 

other models can be used in  the exercise ,  a s  long as  an appropriate 

design e f fec t  is available.  

Section 1 above shows tha t  the usual design e f fec t  can apply t o  

l i k e l i h o o d  functions of a l l  types, not j u s t  t o  estimated means from 

normally d i s t r i b u t e d  populations. In planning a  survey intended t o  

generate maximum likelihood est imates,  the design effect  may be calcu- 

l a t ed  as  always and applied t o  any MLE--probit coef f ic ien t s ,  t-values 

from regressions,  chi-square s t a t i s t i c s  from cross-tabulations,  e t c .  

Even though t h e  design e f f ec t  may vary fo r  d i f fe ren t  par ts  of 

a  population, except under r e s t r i c t i v e  conditions, i t  is possible t ha t  

the  design e f f e c t  wi th in  subgroups of a  population--bus r i de r s  and 



a u t o  d r i v e r s ,  e  . g . ,  o r  p a r t i c i p a n t s  and n o n - p a r t i c i p a n t s  i n  a  w e l f a r e  

program--might no t  be t o o  d i f f e r e n t ,  whereupon t h e  same des ign  e f f e c t  

can be used i n  planning a survey .  I f  t h e r e  a r e  major d i f f e r e n c e s  among 

subpopula t  i o n s ,  t h e n  a  weighted average  of  them, weighted by v a r i a n c e s  

o r  v a r i a n c e - c o v a r i a n c e  m a t r i c e s ,  shou ld  be used i n  p lann ing  whenever 

maximum l i k e l i h o o d  e s t i m a t e s  o r  method of  moments e s t i m a t e s  of f a n c y  

models a r e  i n t e n d e d ,  r a t h e r  t h a n  making t h e  assumption t h a t  t h e  des ign  

e f f e c t  f o r  a n  e s t i m a t e d  mean w i l l  be adequa te .  Modern economet r ics  

does no t  depend on t e s t s  of d i f f e r e n c e s  of  means, and n e i t h e r  shou ld  

sample des ign .  

S e c t i o n  7. Summary and Conclusions  

W e i g h t e d  d a t a  a r e  ub iqu i tous  i n  s o c i a l  s c i e n t i f i c  r e s e a r c h ,  but  

t h e  u s e  o f  w e i g h t s  i s  r a r e ,  d e s p i t e  well-known t h e o r e t i c a l  r e s e a r c h  

i n  c e r t a i n  c a s e s  of weight ing based on outcomes. Under c e r t a i n  condi- 

t i o n s ,  encounte red  i n  t r a d i t i o n a l  problems of sample d e s i g n ,  a  s c a l a r  

f a c t o r  c a n  be a p l i e d  t o  t h e  i n v e r s e  Hessian o r  ou te r -p roduc t  f i r s t  

d e r i v a t i v e  m a t r i x  of maximum l i k e l i h o o d  e s t i m a t i o n  t o  c o r r e c t  f o r  t h e  

w e i g h t i n g .  I n  o t h e r  c a s e s ,  more e l a b o r a t e  c a l c u l a t i o n  i s  r e q u i r e d .  

The method o f  moments i s  e q u a l l y  i n  need o f  we igh t s  i n  such  c a s e s ;  

t h e  c a l c u l a t i o n s  are l i t t l e  more complicated t h a n  t h o s e  normal ly  en- 

coun te red  i n  t h e  MOM. An i l l u s t r a t i v e  example i s  p r e s e n t e d  i n  which 
. . 

t h e  v a r i a n c e s  a r e  shown t o  i n c r e a s e  w i t h  t h e  a p p l i c a t i o n  of choice-  

based w e i g h t s ,  and t h e  magnitudes a r e  c l o s e  t o  t h e  t h e o r e t i c a l  des ign  

e f f e c t  of sample des ign .  F i n a l l y ,  i n  p lann ing  s u r v e y s ,  i t  is common 

t o  use t h e  des ign e f f e c t  t o  e s t i m a t e  t h e  i n c r e a s e  i n  v a r i a n c e  o f  a n  

e s t i m a t e d  mean o r  p r o p o r t  i o n  c a u s e d  by s t r a t i f i c a t i o n .  T h i s  paper 

shows t h a t  any planned s t a t i s t i c a l  a c t i v i t y  can  be used i n  d e s i g n i n g  



s u r v e y s .  A p r o b i t  c o e f f i c i e n t ,  a r eg res s ion  c o e f f i c i e n t ,  a  sample 

mean, o r  any other  s t a t i s t i c a l  es t imate  with a  variance can be used. 

Thus ,  s u r v e y s  need not  be planned a s  i f  only means and proport ions 

were going t o  be est imated.  



Appendix: Two B a s i c  Examples of Weighted L ike l ihood  Func t ions  

Example 1.  E s t i m a t i n g  t h e  Mean and Var iance  from a  Normal D i s t r i b u t i o n  
. . 

The f o l l o w i n g  shows t h e  d e r i v a t i o n  of  t h e  MLE of a  mean and v a r i a n c e  

o f  a  normal d i s t r i b u t i o n  from a  weighted sample .  The q u e s t i o n  a r i s e s  

why a  weighted l o g - l i k e l i h o o d  f u n c t i o n  would be used ,  s i n c e  t h e  minimum 

v a r i a n c e  u n b i a s e d  e s t i m a t o r  of t h e  mean of y  is unweighted i f  yt = 

p + E ~ ,  E~ i . i . d .  N(0 ,02) .  I n  p r a c t i c e  t h e  assumpt ionmode  i s ,  r a t h e r ,  

t h a t  yt N ( ~ ~ , o ~ )  and t h a t  pt = - X s .  That  is,  a  m u l t i v a r i a t e  r e g r e s s i o n  

is i m p l i c i t ,  p o s s i b l y  d e r i v e d  from a m u l t i v a r i a t e  normal d i s t r i b u t i o n  

of yt and Xt. Then w e i g h t s  a r e  needed t o  g e n e r a t e  a n  unbiased e s t i m a t o r  

of  t h e  mean o f  y: 

Weights a r e  needed whenever any form of  s t r a t i f i c a t i o n  o c c u r s .  Whether 

o r  n o t  t h e  i m p l i c i t  r e g r e s s i o n  i s  c a r r i e d  o u t ,  t h e  w e i g h t s  a p p l i e d  

t o  t h e  sample  o f  y l s  produce a n  unbiased e s t i m a t o r .  

* The l o g  l i k e l i h o o d  f u n c t i o n  is L . 

* N 1  ( x i - d 2  
L = 1 w i a n  - exp - 

i = l  oJ2 a 20 2  

* The d e r i v a t i v e s  of  L wi th  r e s p e c t  t o  u and o2 a r e  



The m a t r i c e s  of second d e r i v a t i v e s  Q and of t h e  o u t e r  products  of f i rs t  

d e r i v a t i v e s  A a r e  a s  fo l lows :  



From Manski  a n d  Lerman (1977, pp.  1984-5) ,  t h e  v a r i a n c e  o f  t h e  MLE 

of p and o2 is ( 2 2 ) .  

where CWi = N. 

The c o r r e c t i o n  f a c t o r  k is N/CW: i n  t e rms  o f  normal ized w e i g h t s  

(CWi=N). For t h e  v a r i a n c e  o f  t h e  e s t i m a t o r  o f  p, t h e  r e l e v a n t  v a l u e s  

2 2 a r e  t h e s e :  dl h a s  0 2 / ~ ;  A-' h a s  o / E N i ,  and t h e  c o r r e c t  m a t r i x  h a s  

2 2 o Cwi/  (Cwi 12. The r e q u i r e d  e q u a t i o n s  hold:  



The r e s u l t s  fol low f o r  the  variances of the  est imated o2 with 204 subs t i -  

t u t e d  f o r  o2 i n  (231, (241, and ( 2 5 ) .  

Example 2. Likelihood Ratio X2 f o r  a  Test  of the  Independence of t h e  
Rows and Columns i n  a  Table 

The l o g  l i k e l i h o o d  func t ion  f o r  multinomial sampling of an R x C  

t a b l e  with p r o b a b i l i t i e s  P i j ,  i = l  t o  R ,  j = 1  t o  C, is 

The number of observat ions i n  the  sample i n  c e l l  ( i , j )  i s  n i j ,  and 

n  is the  sample s i z e .  W i j  i s  the average weight a t t ached  t o  observa t ions  

i n  c e l l  i j .  The weights serve  the  func t ion  of a d j u s t i n g  observed 

f r e q u e n c i e s  by known sampling r a t e s  i n  order  t o  e l iminate  b iases  i n  

r e l a t i v e  proport ions which would otherwise r e s u l t .  Assuming t h e  weights 

t o  be normalized s o  t h a t  they  sum t o  n ,  and l e t t i n g  W i j R  r e f e r  t o  an 

i n d i v i d u a l  R in  c e l l  i , ,  the  concentrated l o g  l i ke l ihood  func t ion  

is 

This  i s  maximized with respec t  t o  t h e  R times C p ' s  f i r s t  with 

o n l y  t h e  c o n s t r a i n t  1 = Z  1 p i j ,  then w i t h  t h e  add i t iona l  c o n s t r a i n t s  
i j 

t h a t  where the  "+" denotes add i t ion  over a  column o r  row, 

t h e  c o n s t r a i n t  imp1 i e s  t h a t  t h e  rows and columns a r e  independently 

d i s t r i b u t e d .  In the  f i r s t  o r  uunres t r i c t ed ' r  ca se ,  t he  es t imated  p ' s  

a r e  given by 



The maximized value of L* is 

Under t h e  l l r e s t r i c t ed l l  a l t e r n a t i v e  hypothesis  

and t h e  maximized value of L* is 

c R "ij R "ij 

+ E I I wijaRn E E w i j e  - n R n n .  (31 ) 
j = 1  i = 1  R = 1  i = l  R=l 

Twice t h e  l o g  of the l i ke l ihood  r a t i o  f o r  t h i s  problem i s  (28) minus 

(31 ) , which can be w r i t t e n  a s  

T h i s  i s  t h e  sum of observed frequencies  times the  l o g  of t he  r a t i o  

of o b s e r v e d  frequencies  t o  expected f requencies  under t h e  r e s t r i c t e d  

h y p o t h e s i s ,  t h a t  i s ,  the l i ke l ihood  r a t i o  chi-square. (The expected 



f r e q u e n c y  is t h e  row t o t a l  t imes  t h e  column t o t a l  d i v i d e d  by n . )  Bishop, 

F i e n b e r g ,  and Holland (1975, pp. 513-8, 525-6) show t h a t  t h e  l i k e l i -  

hood r a t i o  s t a t i s t i c  f o l l o w s  a  ch i - square  d i s t r i b u t i o n  w i t h  d e g r e e s  

of  freedom e q u a l  t o  t h e  sum of  t h e  e i g e n v a l u e s  of 

i n  which D, is a  d iagona l  m a t r i x  w i t h  t h e  v e c t o r  of  p r o b a b i l i t i e s  - T 

( e s t i m a t e d  by - p)  on t h e  main d i a g o n a l ,  and Z is t h e  va r iance-covar iance  

m a t r i x  o f  t h e  p l s .  The e i g e n v a l u e s  a r e  e i t h e r  z e r o  o r  one i n  t h i s  

c a s e .  The number of d e g r e e s  of freedom i s  t h e  d i f f e r e n c e  between t h e  

number of  uncons t ra ined  parameters  i n  t h e  c o n s t r a i n e d  and  u n c o n s t r a i n e d  

models,  h e r e  (R-l)x(C-1).  

With weighted d a t a  t h e  v a r i a n c e  m a t r i x  is  m u l t i p l i e d  by t h e  d e s i g n  

e f f e c t .  Th i s  makes t h e  e i g e n v a l u e s  equa l  t o  t h e  des ign  e f f e c t  o r  ze ro .  

Thus t h e  number of d e g r e e s  of freedom i n  t h e  ch i - square  d i s t r i b u t i o n  

i s  m u l t i p l i e d  by t h e  des ign  e f f e c t .  A ch i - square  d i s t r i b u t i o n  must 

have an i n t e g r a l  number of d e g r e e s  of freedom, bu t  a  gamma d i s t r i b u t i o n  

need n o t ,  i n  g e n e r a l .  Div id ing  t h e  l i k e l i h o o d  r a t i o  s t a t i s t i c  by t h e  

d e s i g n  e f f e c t  y i e l d s  a  s t a t i s t i c  d i s t r i b u t e d  as a  ch i - square  w i t h  

(R-1 )x(C-1) d e g r e e s  of freedom. 

Note  t h a t  i f  s t r a t i f i c a t i o n  is based s o l e l y  on v a r i a b l e s  which 

d e f i n e  t h e  m a r g i n a l s  of  t h e  t a b l e ,  t h e n  t h e  we igh t s  may be ignored  

i f  t h e r e  is no i n t e r a c t i o n  e f f e c t .  I n  t h i s  c a s e ,  t h e  ch i - square  s t a t i s -  

t i c  is a s y m p t o t i c a l l y  ze ro .  I f  an  i n t e r a c t i o n  e f f e c t  i s  p r e s e n t ,  t h e n  

n o t  o n l y  t h e  marginal  v a r i a b l e  but a l s o  t h e  i n t e r a c t i o n  is s t r a t i f i e d ,  

a n d  t h e  c h i - s q u a r e  s t a t i s t i c  i g n o r e s  t h a t  i n t e r a c t i o n ,  inasmuch a s  

t h e  t e s t  assumes its absence.  Thus t h e  t e s t  i s  b i a s e d  toward r e j e c t i n g  



i n d e p e n d e n c e .  The c o m p a r a b l e  s i t u a t i o n  i n  r e g r e s s i o n  o c c u r s  i f  a n  

i n t e r a c t i o n  i s  o m i t t e d ,  t h e  i n t e r a c t i o n  i n v o l v i n g  a  s t r a t i f y i n g  v a r i -  

a b l e .  I n  t h i s  c a s e  t h e  e x o g e n e i t y  e x c e p t i o n  does  n o t  a p p l y .  


