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ABSTRACT 

When i n d i v i d u a l s  of va ry ing  t r u e  a b i l i t y  a r e  non-randomly ass igned  

t o  t r e a t m e n t  and c o n t r o l  groups ,  b i a s e d  e f f e c t s  of t r e a t m e n t  may be 

observed.  I n  t h i s  paper ,  we a s s e s s  t h e  p o s s i b i l i t i e s  i n  terms of a  

s imple  t e s t - s c o r e  model which a l lows  f o r  an i n t e r a c t i o n  between t r e a t m e n t  

and t r u e  a b i l i t y .  For t h e  c o n t r o l  group,  p r e t e s t  s c o r e  and p o s t t e s t  s c o r e  

a r e  assumed t o  b e  f a l l i b l e  measures of t r u e  a b i l i t y .  For t h e  t r e a t m e n t  

group, p r e t e s t  s c o r e  i s  a  f a l l i b l e  measure of t r u e  a b i l i t y ,  w h i l e  p o s t t e s t  

s c o r e  is  a  l i n e a r  f u n c t i o n  of t r u e  a b i l i t y ,  p l u s  a  random e r r o r .  P o s t t e s t  

s c o r e  i s  r e g r e s s e d  on p r e t e s t  s c o r e  w i t h i n  each  of t h e  two groups .  

We f i n d  t h a t  both  t h e  a d d i t i v e  and non-addi t ive  e f f e c t s  of t h e  t r e a t -  

ment a r e  b iased  when i n d i v i d u a l s  a r e  s e l e c t e d  f o r  t r ea tment  e x p l i c i t l y  on 

t h e  b a s i s  of t r u e  a b i l i t y .  However, when i n d i v i d u a l s  a r e  s e l e c t e d  f o r  

t r e a t m e n t  e x p l i c i t l y  on t h e  b a s i s  of p r e t e s t  s c o r e ,  on ly  t h e  non-add i t ive  

e f f e c t  is b i a s e d .  Furthermore,  t h i s  b i a s  i s  t h e  same a s  t h a t  which would 

a r i s e  under random s e l e c t i o n .  

Our a n a l y s i s  i s  a  formal  one,  r e g r e s s i o n s  being expressed  i n  terms 

of p o p u l a t i o n  parameters .  We a l s o  e v a l u a t e  t h e  s t a t i s t i c a l  e f f i c i e n c y  

of se lec t ion-on- the -bas i s -o f -p re tes t  r e l a t i v e  t o  random s e l e c t i o n .  



SELECTION BIAS I N  EVALUATING TREATMENT EFFECTS: 
THE CASE OF INTERACTION 

Ar thur  S. Goldberger 

1. I n t r o d u c t i o n  

The argument t h a t  a s p u r i o u s  t r ea tment  e f f e c t  w i l l  be observed when 

i n d i v i d u a l s  of v a r y i n g  t r u e  a b i l i t y  a r e  non-randomly a s s i g n e d  t o  t r e a t m e n t  

and c o n t r o l ,  was examined by Goldberger (1972).  The examinat ion r a n  i n  

terms of a s imple  t e s t - s c o r e  model, w i t h  normal ly  d i s t r i b u t e d  t r u e  a b i l i t y ,  

p r e t e s t ,  and p o s t t e s t .  Regress ing p o s t t e s t  on p r e t e s t  and t r e a t m e n t ,  we 

found t h a t  t h e  s p u r i o u s  e f f e c t  a r o s e  when , s e l e c t i o n  was based on t r u e  a b i l i t y  

b u t  n o t  when s e l e c t i o n  was based on p r e t e s t .  Although t h e  a n a l y s i s  was 

conf ined  t o  t h e  s i t u a t i o n  where t h e  t r u e  e f f e c t  of t h e  t r e a t m e n t  was n i l ,  i t  

was c l e a r  t h a t  t h e  f i n d i n g s  would c a r r y  over  t o  t h e  s i t u a t i o n  where t h e  t r u e  

e f f e c t  of t h e  t r e a t m e n t  was a d d i t i v e .  

I n  t h e  p r e s e n t  paper  w e  extend t h e  d i s c u s s i o n  t o  t h e  c a s e  of i n t e r a c t i o n  -- 

where t h e  t r u e  e f f e c t  of t h e  t r e a t m e n t  may be n o n a d d i t i v e ,  v a r y i n g  l i n e a r l y  

w i t h  t r u e  a b i l i t y .  We f i n d  t h a t  t h e  f a v o r a b l e  c o n c l u s i o n s  abou t  p r e t e s t  

s e l e c t i o n  ho ld  up, a l b e i t  i n  weakened form. 

2 .  The Bas ic  Model 

We suppose t h a t  t r u e  a b i l i t y  x* i s  normal ly  d i s t r i b u t e d  w i t h  e x p e c t a t i o n  

0 and v a r i a n c e  Q ,  and t h a t  p r e t e s t  s c o r e  x i s  an e r roneous  measure of  t r u e  

a b i l i t y  i n  t h e  s e n s e  t h a t  



where u i s  normal ly  d i s t r i b u t e d  w i t h  e x p e c t a t i o n  0 and v a r i a n c e  ( 1  - P)Q/P 

w i t h  0 < P < 1. P o s t t e s t  s c o r e  i s  determined by t r u e  a b i l i t y  and t r e a t m e n t  

v i a  

where v i s  normal ly  d i s t r i b u t e d  w i t h  e x p e c t a t i o n  0 and v a r i a n c e  ( 1  - P)Q/P. 

Here z i s  t h e  b i n a r y  v a r i a b l e  i n d i c a t i n g  whether  o r  n o t  t h e  i n d i v i d u a l  

r e c e i v e d  t h e  t r ea tment :  

1 i f  r ece ived  t r e a t m e n t  
z =  { 

0 i f  d i d  n o t  r e c e i v e  t r e a t m e n t  ( i . e .  c o n t r o l ) .  

We suppose  t h a t  x*, u ,  and v a r e  independent  and t h a t  v i s  independen t  of  z .  

Our s e l e c t i o n  procedures  w i l l  b e  such t h a t  h a l f  of t h e  p o p u l a t i o n  

r e c e i v e s  t h e  t r e a t m e n t  and h a l f  a r e  c o n t r o l ,  s o  t h a t  

Po 
= Prob { z  = 0 )  = pl = Prob { z  = 1 )  = $, 

Our assumpt ions  imply t h a t  x i s  normal ly  d i s t r i b u t e d  w i t h  e x p e c t a t i o n  

E(x) = E(x*) + E(u) = 0 ,  

and v a r i a n c e  

V(x) = V(x*) + V(u) = QIP. 

The d i s t r i b u t i o n  of y w i l l  i n  g e n e r a l  be non-normal w i t h  e x p e c t a t i o n  



t h e  covar iance  on t h e  r i g h t  depends on t h e  s e l e c t i o n  procedure .  

The p r e s e n t  model permi t s  t h e  t rea tment  t o  have bo th  an a d d i t i v e  and 

a  nonaddi t ive  e f f e c t  on p o s t t e s t  s co re .  S p e c i f i c a l l y ,  (2) says  t h a t  

(3)  E (Y(x* ,  z )  = a z + ( 1  + Bz) x*. 

For t h e  t rea tment  group(z = 1 ) t h e  r e g r e s s i o n  of p o s t t e s t  on t r u e  a b i l i t y  

is 

whi le  f o r  t h e  c o n t r o l  group (z = 0 ) the  r e g r e s s i o n  of p o s t t e s t  on t r u e  

a b i l i t y  i s  

These two l i n e s  d i f f e r  i n  gene ra l .  I f  B = 0  t h e i r  s l opes  a r e  t h e  same 

(no nonadd i t i ve  e f f e c t ) ,  i f  a = 0  t h e i r  i n t e r c e p t s  a r e  t h e  same (no 

a d d i t i v e  e f f e c t ) .  I f  bo th  a = 0  and 6 = 0 ,  t h e  two l i n e s  co inc ide  (no 

e f f e c t  a t  a l l )  and we a r e  reduced t o  t h e  s i t u a t i o n  examined i n  Goldberger 

(1972) . 
Whatever t h e  t r u e  e f f e c t s  may be ,  they would show up i f  y  were 

r eg r e s sed  on x*, z ,  and zx* ( equ iva l en t l y ,  i f  y  were r eg r e s sed  

on x* w i t h i n  each group s e p a r a t e l y ) .  But i n  p r a c t i c e ,  w i t h  x* unobserved, 

one can r e g r e s s  y  on x ,  z ,  and zx t o  a s s e s s  t he  t rea tment  e f f e c t .  S ince  

x  i s  an e r roneous  measure of x*, t h i s  assessment may be b i a s e d .  The b i a s  



presumably depends on t h e  s e l e c t i o n  procedure  -- t h e  b a s i s  on 

which i n d i v i d u a l s  were ass igned  t o  t h e  t rea tment  and c o n t r o l  groups.  We 

w i l l  cons ider  t h r e e  procedures:  (0) random s e l e c t i o n ,  ( i )  s e l e c t i o n  on 

t r u e  a b i l i t y ,  and ( i i )  s e l e c t i o n  on p r e t e s t  s co re .  For each,  we develop 

t h e  within-group r e g r e s s i o n s  of p o s t t e s t  on t r u e  a b i l i t y  and of p o s t t e s t  

on p r e t e s t .  The within-group r e g r e s s i o n s  a r e  t r a n s l a t e d  i n t o  an o v e r a l l  

r e g r e s s i o n  wi th ,  and wi thout ,  i n t e r a c t i o n .  

When t h e  need a r i s e s ,  we w i l l  presume t h a t  t h e  t r u e  e f f e c t s  of t h e  

t rea tment  a r e  nonnegat ive ,  t h a t  i s  a > 0 and B > 0. - - 

3 .  Technical  Digress ion  

We f i r s t  record some gene ra l  r e s u l t s  on t h e  r e l a t i o n  between wi th in-  

group and o v e r a l l  r eg r e s s ions .  Consider t h e  j o i n t  d i s t r i b u t i o n  of t h r e e  

random v a r i a b l e s  r ,  s ,  z,where z  i s  a  b inary  v a r i a b l e  t ak ing  on t h e  v a l u e  

0 wi th  p r o b a b i l i t y  po and t h e  va lue  1 wi th  p r o b a b i l i t y  p  = 1 - 
1 Po. 

The 

l i n e a r  r e g r e s s i o n  of s on r given t h a t  z = 0 we denote  by 

t h e  l i n e a r  r e g r e s s i o n  of s on r given t h a t  z = 1 w e  denote  by 

C o l l e c t i v e l y ,  t he se  within-group l i n e a r  r e g r e s s i o n s  w i l l  be denoted by 

o r  e q u i v a l e n t l y  a s  



E ( s ( r , z )  = a + a r + (a - a ) z  + (a - a ) z r .  
00 l o  01 00 11 l o  

The l a t t e r  form i s  t h e  one which a r i s e s  when a s i n g l e  l i n e a r  r e g r e s s i o n  of 

s on r ,  z ,  and t h e  i n t e r a c t i o n  term z r ,  i s  run  over  t h e  f u l l  p o p u l a t i o n .  

For  s i m p l i c i t y ,  w e  u s e  E(. 1 . )  t o  deno te  l i n e a r  r e g r e s s i o n s  r e g a r d l e s s  of 

whether t h e  t r u e  r e g r e s s i o n  f u n c t i o n  is  i n  f a c t  l i n e a r .  

From t h e  g e n e r a l  t h e o r y  of l i n e a r  r e g r e s s i o n  we know t h a t  t h e  w i t h i n -  

group s l o p e s  and i n t e r c e p t s  can  be 'expressed i n  terms of wi th in-group moments 

Now c o n s i d e r  t h e  r e s u l t  of runn ing  a  s i n g l e  l i n e a r - a d d i t i v e  r e g r e s s i o n  

of s on r and z w i t h o u t  i n t e r a c t i o n  term over  t h e  e n t i r e  p o p u l a t i o n :  

These pa ramete r s  can a l s o  b e  expressed i n  terms of wi th in-group moments: 

where 

(8) 

and 



a r e  t h e  a v e r a g e  within-group covar i ance  and v a r i a n c e  r e s p e c t i v e l y .  

The pa ramete r s  i n  t h e  a d d i t i v e  r e g r e s s i o n  a r e  r e l a t e d  t o  t h o s e  i n  

t h e  n o n a d d i t i v e  r e g r e s s i o n  a s  fo l lows :  Using (8), (9 ) ,  ( 6 )  w e  w r i t e  

where 

Thus t h e  o v e r a l l  r - s l o p e  i n  ( 7 )  i s  a  weighted  ave rage  of t h e  wi th in-group 

r - s l o p e s  i n  (4)  o r  (5 ) .  Proceeding,  w e  f i n d  

and 

These fo rmulas  s i m p l i f y  i n  s p e c i a l  c a s e s .  I f  t h e  v a r i a n c e  o f  r is  t h e  

same w i t h i n  e a c h  of t h e  two g roups ,  V(r  ( 0 )  = V(r 11) , then w = p and 
0 

1 - w = l -  Po - - Ply s o  t h a t  



- 
"1 - Po "lo + p 1  "11 ' 

a. = a 00 + pl(alo - q l ) ~ ( r l O )  

a = ( g l  - a ) + (all - alo)(po ~ ( r l 1 )  + p1 ~ ( r I 0 ) ) -  
2 0 0 

I f  f u r t h e r  po = ?f? = 
p l y  

t h e n  

(10)  " = a + % (alo 
0 0 0 - a l l ) ~ ( r I o ) ,  

(11) " 1 = % (alo + all)  

a = (aol - aoo)  + (all - y o )  E ( r ) .  2 

I f  a l s o  E ( r )  = 0  then t h i s  l a s t  e x p r e s s i o n  s i m p l i f i e s  t o  

Tn o u r  a p p l i c a t i o n s  we w i l l  have V(r 12)' c o n s t a n t ,  Po 
= $, E ( r )  = 0 ,  s o  

t h a t  (10)-(12) ho ld .  The o v e r a l l  r - s lope  is  j u s t  t h e  average  of  t h e  

wi thin-group r - s l o p e s ,  and t h e  o v e r a l l  z - c o e f f i c i e n t  i s  j u s t  t h e  d i f f e r e n c e  

of t h e  within-group i n t e r c e p t s .  

4. Random S e l e c t i o n  

I n  c a s e  ( o ) ,  i n d i v i d u a l s  a r e  a ss igned  t o  t h e  t r e a t m e n t  and t h e  

c o n t r o l g r o u p s i n  a  manner which is  random b o t h  w i t h  r e s p e c t  t o  t r u e  a b i l i t y  

and t h e  e r r o r  component of p r e t e s t .  

Regress ions  on t r u e  a b i l i t y .  S i n c e  z  is  independent  of x*, we 

immediate ly  have 



Then w r i t i n g  

we u s e  t h e  independence of z ,  x*, and v  t o  f i n d  

Applying (6) w i t h  y  t a k i n g  t h e  r o l e  of s ,  and x* t a k i n g  t h e  r o l e  of  r ,  

we o b t a i n  t h e  s l o p e s  and i n t e r c e p t s  of t h e  within-group r e g r e s s i o n s  of 

p o s t t e s t  on t r u e  a b i l i t y :  

a = ( 1  + Bz)Q/Q = ( 1  + Bz) , 
(13) 

1 z  

a = a z  - ( 1  + Bz) 0 = a z  ( Z  = 0 ,  1 ) .  
0 Z 

As was t o  b e  expec ted ,  t h e s e  a c c u r a t e l y  c a p t u r e  bo th  t r u e  e f f e c t s  of t h e  

t r e a t m e n t :  a - a = B ,  t h e  i n t e r a c t i o n  e f f e c t ,  and a - a = a ,  t h e  
11 l o  01 00 

a d d i t i v e  e f f e c t .  Applying (11)-(12) w i t h  y  t a k i n g  t h e  r o l e  o f  s, and x* 

t a k i n g  t h e  r o l e  of r ,  we o b t a i n  t h e  r- and z- c o e f f i c i e n t s  of t h e  o v e r a l l  

a d d i t i v e  r e g r e s s i o n  of y  on x*: 

The z - c o e f f i c i e n t  d i r e c t l y  c a p t u r e s  t h e  a d d i t i v e  e f f e c t  of t h e  t r e a t m e n t ,  

and t h e  i n t e r a c t i o n  e f f e c t  can be  recovered  from t h e  r - c o e f f i c i e n t  a s  

B = 2(a1 - 1 ) .  



Regress ion  on p r e t e s t  s c o r e .  With z independent  of u  a s  w e l l  a s  of 

x*, i t  i s  independent  of x ,  s o  t h a t  

and 

Applying (6) w i t h  y  t a k i n g  t h e  r o l e  of s ,  and x  t a k i n g  t h e  r o l e  of r ,  we 

o b t a i n  t h e  s l o p e s  and i n t e r c e p t s  of t h e  within-group r e g r e s s i o n s  of p o s t t e s t  

on p r e t e s t :  

The i n t e r a c t i o n  e f f e c t  of t h e  t r ea tment  is  a t t e n u a t e d  bu t  t h e  a d d i t i v e  

e f f e c t  i s  a c c u r a t e l y  captured:  a - a = P 4 b u t  aol - a = a. 11 l o  0 0 

A t t e n u a t i o n  of t h e  s l o p e s  i s  of course  i n e v i t a b l e  w i t h  P  < 1 even when t h e  

s e l e c t i o n  i s  random. Applying (11)-(12) w i t h  y  f o r  s, and x  f o r  r ,  we 

o b t a i n  t h e  c o e f f i c i e n t s  i n  t h e  o v e r a l l  a d d i t i v e  r e g r e s s i o n  of p o s t t e s t  on 

p r e t e s t  : 

(16) a = P ( 1 + +  B),  1 
a = a .  

2  

A comparison w i t h  (14) confirms t h a t  under  random s e l e c t i o n  t h e  measurement 

e r r o r  does n o t  b i a s  a n  a d d i t i v e  t r e a t m e n t  e f f e c t .  



5.  S e l e c t i o n  on Bas i s  of True A b i l i t y  

I n  case  ( i ) ,  i n d i v i d u a l s  a r e  ass igned  t o  t h e  t r e a t m e n t  group o r  t h e  

c o n t r o l  group according a s  t h e i r  t r u e  a b i l i t y  is  below o r  above t h e  mean 

t r u e  a b i l i t y  i n  t h e  popula t ion :  

Since  z  i s  determined e x a c t l y  by x* i t  w i l l  be independent  of u  a s  w e l l  a s  v ,  

b u t  n o t  of x. 

Regress ions  on t r u e  a b i l i t y .  To s t a r t ,  we have t h e  f o l l o w i n g  r e s u l t s  

from Goldberger (1972, p .  12) :  

where = 3.14159 ... . Proceeding,  we f i n d  

~ ( ~ 1 2 )  = a z  + ( 1  + Bz) ~ ( x * l z )  = a z  + ( 1  + B z ) ( l  - 2 z ) m  , 

C ( X * , ~ ( Z )  = ( 1  + B x )  V(x* lz> = ( 1  + Bz) (n - 2 ) ~ / n .  

Applying ( 6 )  w i t h  y  t a k i n g  t h e  r o l e  of s ,  and x* t a k i n g  t h e  r o l e  of r ,  we 

o b t a i n  t h e  s l o p e s  and i n t e r c e p t s  of t h e  within-group r e p r e s s i o n s  of y  on x*: 

Once a g a i n ,  t h e s e  a c c u r a t e l y  c a p t u r e  b o t h  t r u e  e f f e c t s  of t h e  t r e a t m e n t .  

The non-randomness of t h e  s e l e c t i o n  procedure  does no t  d i s t o r t  e f f e c t s  

when x* i s  used a s  t h e  e x p l a n a t o r y  v a r i a b l e .  S i m i l a r l y ,  t h e  c o e f f i c i e n t s  

i n  t h e  o v e r a l l  a d d i t i v e  r e g r e s s i o n  of y  on x* a r e  



R e g r e s s i o n s  on p r e t e s t  s c o r e .  I n  v iew of t h e  independence  of u  and 

z ,  w e  have  immedia t e ly :  

c f .  Go ldbe rge r  (1972,  p .  1 2 ) .  S i m i l a r l y ,  

Applying  (6)  w i t h  y  f o r  s , a n d  x f o r  r ,  we o b t a i n  t h e  s l o p e s  and i n t e r c e p t s  

of t h e  wi th in -g roup  r e g r e s s i o n s  of y  on x: 

Both t r e a t m e n t  e f f e c t s  a r e  b i a s e d .  The d i f f e r e n c e  i n  s l o p e s ,  namely 

7 r - 2  
ct - a  = 
11 l o  (IT - 2P ) 6 ,  

i s  a  d o u b l y - a t t e n u a t e d  measure  of  t h e  t r u e  i n t e r a c t i o n  e f f e c t  6: a - a < 13, 11 l o  

s i n c e  6 > 0. The f a c t o r  P < 1 a r i s e s  from measurement e r r o r  ( c f .  ( 1 5 ) ) ,  and 

t h e  f a c t o r  (IT - 2)/(7r - 2P) < 1 a r i s e s  from t h e  c o n j u n c t i o n  of measurement 

e r r o r  and non-random s e l e c t i o n .  The d i f f e r e n c e  i n  i n t e r c e p t s ,  namely 



w i l l  u n d e r s t a t e  t h e  t r u e  a d d i t i v e  t r e a t m e n t  e f f e c t  a: w i t h  B > 0 ,  

a - a < a. As i n  Goldberger  (1972, p p .  11-12) t h e s e  s p u r i o u s  d e l e t e r i o u s  
01 00 

e f f e c t s  of t h e  t r e a t m e n t  a r e  a t t r i b u t a b l e  t o  a  s e l e c t i o n  p r o c e d u r e  which 

s y s t e m a t i c a l l y  p u t s  l o w - a b i l i t y  i n d i v i d u a l s  i n  t h e  t r e a t m e n t  g roup  and h igh-  

a b i l i t y  i n d i v i d u a l s  i n  t h e  c o n t r o l  group.  

From (11) - (12) ,  an  o v e r a l l  a d d i t i v e  r e g r e s s i o n  o f  y  on x ,  z y i e l d s  

Note t h a t  i f  a = 0 = 8,  a r e d u c e s  t o  t h e  r e s u l t  r e p o r t e d  by Goldbe rge r  2  

(1972, p .  11)  f o r  a n o - t r u e - e f f e c t  s i t u a t i o n .  

6 .  S e l e c t i o n  on Basis of P r e t e s t  Score  

I n  c a s e  ( i i ) ,  i n d i v i d u a l s  a r e  a s s i g n e d  t o  t h e  t r e a t m e n t  g roup  o r  t h e  

c o n t r o l  group a c c o r d i n g  as t h e i r  p r e t e s t  s c o r e  is  below o r  above t h e  mean 

p r e t e s t  s c o r e  i n  t h e  p o p u l a t i o n :  

S i n c e  z i s  de te rmined  e x a c t l y  by x i t  w i l l  be  dependent  on b o t h  x* and u ,  

b u t  r ema ins  independen t  of v .  

R e g r e s s i o n s  on t r u e  a b i l i t y .  We s tar t  w i t h  

g iven  i n  Go ldbe rge r  (1972, pp.  1 5 ,  1 7 ) .  Then we f i n d  

Applying (6) yields the slopes and intercepts of the within-group regressions 

of y on x*: 



Once a g a i n  t h e s e  a c c u r a t e l y  c a p t u r e  bo th  t r e a t m e n t  e f f e c t s .  The non-randomness 

of t h e  s e l e c t i o n  procedure  does  n o t  d i s t o r t  e f f e c t s  when x* i s  used a s  t h e  

e x p l a n a t o r y  v a r i a b l e .  S i m i l a r l y ,  t h e  c o e f f i c i e n t s  i n  t h e  o v e r a l l  a d d i t i v e  

r e g r e s s i o n  of y  on x* and z  a r e  

Regress ions  on p r e t e s t .  We have 

~ ( x l z )  = ( 1  - 22) , ~ ( ~ 1 2 )  = (IT - 2 ) Q / ( r P ) ,  

and 

c f .  Goldberger  (1972, pp. 14,  17 ,  1 8 ) .  Thus t h e  s l o p e s  and i n t e r c e p t s  of  

t h e  wi thin-group r e g r e s s i o n s  of y . o n  x  a r e  

These a r e  i d e n t i c a l  w i t h  t h e  random-select ion r e s u l t s  i n  ( 1 5 ) .  The i n t e r a c t i o n  -- -- --  

e f f e c t  i s  a t t e n u a t e d :  all - a = P  6 ,  b u t  t h e  a d d i t i v e  e f f e c t  i s  c o r r e c t l y  
l o  

cap tu red :  a - a = a. D e s p i t e  t h e  f a c t  t h a t  s e l e c t i o n  on p r e t e s t  t e n d s  
01 00 

t o  a s s i g n  l o w - a b i l i t y  i n d i v i d u a l s  t o  t h e  t r e a t m e n t  and h i g h - a b i l i t y  i n d i v i d u a l s  



t o  t h e  c o n t r o l ,  i t  g e n e r a t e s  t h e  same measu res  of t h e  t r e a t m e n t  e f f e c t  

as does  random s e l e c t i o n .  Because o f  t h e  i n e v i t a b l e  s l o p e  a t t e n u a t i o n  

(due t o  measurement e r r o r )  we c a n  no l o n g e r  s a y  ( a s  we d i d  i n  t h e  e a r l i e r  

p a p e r )  t h a t  p r e t e s t  s e l e c t i o n  y i e l d s  u n b i a s e d  e s t i m a t e s  of t h e  t r e a t m e n t  

e f f e c t ,  b u t  r a t h e r  t h a t  i t  y i e l d s  t h e  same estimates a s  d o e s  random 

s e l e c t i o n .  I n  t h i s  weakened form, t h e  r e s u l t s  of o u r  p r e v i o u s  a n a l y s i s  

h o l d  up i n  t h e  p r e s e n c e  o f  i n t e r a c t i o n  e f f e c t s .  The c o n t r a s t  t o  t r u e -  

a b i l i t y  s e l e c t i o n  i s  s t i l l  s t r i k i n g .  F i n a l l y ,  w e  r e c o r d  t h e  c o e f f i c i e n t s  

f o r  t h e  o v e r a l l  r e g r e s s i o n  o f  y  on x  and z , 

which  c o i n c i d e  w i t h  t h e  random-se lec t ion  r e s u l t s  i n  ( 1 6 ) .  

7 .  E f f i c i e n c y  

While t h e  same p a r a m e t e r s  a r e  e s t i m a t e d  unde r  p r e t e s t  s e l e c t i o n  a s  

u n d e r  random s e l e c t i o n ,  e f f i c i e n c y  i s  r educed .  To see t h i s  e x p l i c i t l y ,  

c o n s i d e r  t h e  wi th in -g roup  r e g r e s s i o n s  of p o s t t e s t  on p r e t e s t  when t h e  ( t o t a l )  

sample  s i z e  is  2T. The moment m a t r i x  o f  e x p l a n a t o r y  v a r i a b l e s  ( t h e  c o n s t a n t  

and t h e  p r e t e s t  s c o r e  x )  h a s  e x p e c t a t i o n  e q u a l  t o  T  t i m e s  

The i n v e r s e  of  t h i s  i s  



I n  case  ( o ) ,  random s e l e c t i o n ,  t he  d iagona l  e lements  of t h i s  i n v e r s e ,  namely 

00 2  2  
m = E(X ) z ) / ~ ( x l z )  = 1 + E ( x ~ z ) / v ( x ) z )  

m l l  = l / v ( x  12) , 

t ake  on t he  va lues  

0 0 
m ( 0 ) = 1 ,  

c f .  p .  9 above. I n  c a se  ( i i ) ,  p r e t e s t  s e l e c t i o n ,  they take  on t h e  v a l u e s  

0 0 2  m ( i i )  = 1 + ((1-22) 2 ~ /  (TP)) / ( ( ~ - 2 ) Q l  ( T P ) )  = 1 + 21 (n-2) 

= 7r/(T-2), 

11 
m ( i i )  = TP / ( (7~-2)Q) = ( T / ( ~ - ~ ) ) P / Q ;  

c f .  p. 1 3  above. Thus 

moo ( i i )  /moo (0) = m l l  ( i i )  / m l l  (0) = 7 ~ /  (n-2) 

which imp l i e s  t h a t  t h e  sampling va r i ance s  of t h e  within-group r e g r e s s i o n  

c o e f f i c i e n t s  under p r e t e s t  s e l e c t i o n  a r e  

t i m e s  a s  l a r g e  a s  they a r e  under random s e l e c t i o n ;  t h i s  i s  t h e  same e f f i c i e n c y  



l o s s  a s  was found i n  t h e  n o - e f f e c t  c a s e ,  Goldberger (1972, p .  22) .  Our 

c a l c u l a t i o n  presumes t h a t  t h e  within-group d i s t u r b a n c e  v a r i a n c e  does  n o t  

change w i t h  t h e  change i n  exper imenta l  d e s i g n .  That  presumpt ion i s  c o r r e c t ,  

s i n c e  i t  can be shown t h a t  

whether t h e  s e l e c t i o n  i s  random o r  based on p r e t e s t .  

8. Comments 

1. Our assumpt ion t h a t  E(x*) = 0  i s  n o t  e n t i r e l y  i n n o c e n t .  Indeed i t  

may appear t h a t  t h e  assessment  of t r ea tment  e f f e c t s  w i l l  be contaminated 

when t r u e  a b i l i t y  has  a  nonzero e x p e c t a t i o n .  For example, c o n s i d e r  t h e  

random s e l e c t i o n  c a s e  ( 0 ) .  I f  E(x*) = p ,  then ~ ( x * ( z )  = p  SO t h a t  E ( X ~  z )  = p ,  

~ ( ~ l z )  = a z  + ( 1  + Bz)p, and t h e  second l i n e  of (15) w i l l  change t o  

Th i s  s a y s  t h a t  t h e  d i f f e r e n c e  between t h e  within-group r e g r e s s i o n  i n t e r c e p t s  

i s  

Does t h i s  mean t h a t  t h e  d i f f e r e n c e  i n  i n t e r c e p t s  no l o n g e r  c a p t u r e s  t h e  

t r u e  a d d i t i v e  e f f e c t  a when t h e r e  i s  a  nonzero  i n t e r a c t i o n  e f f e c t  (BfO)? 

I f  s o ,  a l l  our  e a r l i e r  conc lus ions  would be  s e r i o u s l y  m i s l e a d i n g .  

A r e s o l u t i o n  of t h e  d i f f i c u l t y  r u n s  a s  f o l l o w s .  When t h e r e  i s  an i n t e r -  

a c t i o n  e f f e c t  t h e  measure of t h e  a d d i t i v e  e f f e c t  i s  e s s e n t i a l l y  a r b i t r a r y .  



What, a f t e r  a l l ,  i s  - t h e  v e r t i c a l  d i s t a n c e  between two n o n - p a r a l l e l  s t r a i g h t  

l i n e s ?  The a r b i t r a r i n e s s  can be reso lved  by conven t iona l ly  measuring t h e  

a d d i t i v e  e f f e c t  a s  the  d i f f e r e n c e  between t h e  o r d i n a t e s  of t h e  within-group 

l i n e s  when t h e  a b s c i s s a  is  E ( x * ) .  (This  l i e s  i n  the  middle  of t h e  r e l e v a n t  

range  of  t h e  d a t a . )  But t h a t  is j u s t  t h e  d i f f e r e n c e  i n  i n t e r c e p t s ,  provided 

t h a t  x* i s  measured i n  terms of d e v i a t i o n s  about  i t s  e x p e c t a t i o n .  Thus o u r  

assumption E(x*) = 0 d i d  n o t  l i m i t  t h e  domain of  t h e  a n a l y s i s  bu t  r a t h e r  

adop ted ,  i n  e f f e c t ,  t h e  convention t h a t  a d d i t i v e  e f f e c t s  a r e  t o  be measured 

a t  E(x*).  The e n t i r e  problem, of c o u r s e ,  d i s a p p e a r s  when t h e r e  is  no 

i n t e r a c t i o n .  

2 .  Our presumption t h a t  both  t r u e  e f f e c t s  of t h e  t r e a t m e n t  a r e  non- 

n e g a t i v e  may be somewhat mis leading.  I f  a > 0 and B > 0 ,  then  t h e  l i n e s  

E ( ~ ( X * ,  I ) = Q + ( I + B ) x * ,  E ( Y J x * ,  01 = x *  

w i l l  c r o s s ,  a t  t h e  p o i n t  

Consequent ly ,  w h i l e  t h e  t r ea tment  may be b e n e f i c i a l  t o  i n d i v i d u a l s  whose 

t r u e  a b i l i t y  exceeds  x* i t  would be  d e t r i m e n t a l  t o  i n d i v i d u a l s  whose t r u e  
0 ' 

a b i l i t y  l i e s  below x*. Th is  s p e c i f i c a t i o n  may be o b j e c t i o n a b l e  i n  t h a t  i t  
0 

f a i l s  t o  do j u s t i c e  t o  o n e ' s  n o t i o n s  about  a  b e n e f i c i a l  t r e a t m e n t .  To avo id  

t h e  o b j e c t i o n ,  we must f a l l  back on an assumption t h a t  t h e  r e l e v a n t  range  

of t h e  d a t a  is x* - > x*. w i t h  a > 0  and B 1 0  t h e  t r ea tment  i s  then  b e n e f i c i a l  
0' - 

( o r  a t  l e a s t  non-detr imental )  f o r  everyone.  (The e n t i r e  problem d i s a p p e a r s  

when t h e r e  i s  no i n t e r a c t i o n ) .  A l t e r n a t i v e l y ,  one could i n c o r p o r a t e  t h e  



presumption t h a t  t h e  t r ea tment  has  a  nonnegat ive  e f f e c t  from t h e  s t a r t  by 

r e p l a c i n g  (3 )  by 

E (y 1 x*, z )  = a z  + x* + Bzx** 

where 

w i t h  x* be ing  a  p respec i f  i e d  va lue  o f  t r u e  a b i l i t y  (perhaps  0)  . Analys i s  of 

t h i s  "k inky- in te rac t ion"  fo rmula t ion ,  however, l ies o u t s i d e  t h e  scope o f  t h e  

p r e s e n t  paper .  

3. To conclude,  we p rov ide  some in format ion  on t h e  magnitude of t h e  

b i a s  which a r i s e s  when s e l e c t i o n  i s  based on t r u e  a b i l i t y .  Confining a t t e n t i o n  

t o  t h e  n o - i n t e r a c t i o n  s i t u a t i o n  (8=0) ,  we have from (22) :  

To o b t a i n  meaningful  u n i t s ,  we measure t h e  b i a s  i n  terms of s t a n d a r d  d e v i a t i o n s  

of p r e t e s t  s c o r e  (= s t a n d a r d  d e v i a t i o n s  of c o n t r o l  p o s t t e s t  s c o r e ) ;  t h u s  

Bias = (a2  - a )  /m = - (1-P) J8nP/ (n-2P) . 

The b i a s  i s  t a b u l a t e d  below f o r  s e l e c t e d  v a l u e s  of P:  

P  .50 .60 .70 .75 .80 .85 .90 - 9 5  1 . 0  

Bias - .83 -.80 -.72 - . 66  -.58 -.48 -.35 -.20 0 .  
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