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ABSTRACT 

Regression analyses of compensatory educational  programs have been 

c r i t i c i z e d  on the  grounds t ha t  the  pupils  were not randomly selected 

f o r  the  program. Specif ical ly ,  i t  has been argued t h a t  a spurious,  

de le te r ious  e f f e c t  of the  treatment w i l l  be observed when the  se lec t ion  

procedure systematically puts  lower-ability subjects  i n t o  the  treatment 

group and higher-abil i ty students in to  the  con t ro l  group. 

I n  t h i s  paper, we evaluate tha t  argument i n  terms of a simple 

tes t -score  model. P re tes t  score  and pos t t e s t  score a r e  assumed to  

be  f a l l i b l e  measures of underlying t rue  a b i l i t y ,  the t r ue  treatment 

. e f f e c t  being zero. Pos t tes t  score is regressed on p re t e s t  score  and a 

treatment dummy variable.  We f ind  tha t  the  spurious e f f e c t  a r i s e s  when 

sub jec t s  a r e  se lected f o r  treatment exp l i c i t l y  on the bas i s  of t r ue  

a b i l i t y .  However, when subjects  a r e  se lected f o r  treatment e x p l i c i t l y  on 

t he  ba s i s  of p r e t e s t  score,  the  spurious e f f e c t  vanishes. Thus the 

c r i t i c i s m  mentioned above is  ser iously  misleading. 

Our ana lys i s  is a formal one, regressions being expressed i n  terms 

of population parameters. We a l so  evaluate the  s t a t i s t i c a l  ef f ic iency 

of selection-on-the-basis-of -pretes t r e l a t i v e  t o  random se lec t ion .  The 

appendices contain some general  r e su l t s  on condit ional  d i s t r i bu t i ons ,  

moments, and regressions f o r  various pa r t i t i ons  of b iva r i a t e  normal 

d i s t r ibu t ions .  
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1. Int roduct ion:  

When s u b j e c t s  a r e  not  assigned randomly t o  t reatment and c o n t r o l  

groups, the  p o s s i b i l i t y  a r i s e s  t h a t  a spurious treatment e f f e c t  may be 

observed. This p o s s i b i l i t y  has been emphasized i n  a recent  c r i t i q u e  of 

t h e  evaluat ion  of compensatory educational  programs. Campbell and 

Erlebacher (1970) a s s e r t :  

The compensatory program is made a v a i l a b l e  t o  t h e  most needy, 
and t h e  ' con t ro l '  group then sought from among the  unt rea ted  
ch i ld ren  i n  t h e  same community. Often t h i s  unt rea ted  popula- 
t i o n  is  on the  average more ab le  than the  'experimental '  group. 
I n  such a s i t u a t i o n ,  the  usual  procedures of s e l e c t i o n ,  
adjustment, and ana lys i s  produce systematic b i a s e s  i n  t h e  
d i r e c t i o n  of  making t h e  compensatory program look de le te r ious .  

But t h i s  c r i t i q u e  may be misleading. The mere f a c t  t h a t  t h e  c o n t r o l  

group is more a b l e  than t h e  treatment group does n o t  s u f f i c e  t o  produce 

b i a s  i n  t h e  eva lua t ion  of the  treatment e f f e c t .  We propose t o  demonstrate 

t h i s  p o i n t  i n  terms of a highly  idea l i zed  s e t t i n g ,  t h a t  is i n  terms of a 

formal model. 



2. The Basic Model 

We suppose t h a t  t r u e  a b i l i t y  x* is normally d i s t r i b u t e d  with expecta t ion  

zero and variance Q: 

X* - N(G,  Q ) .  

Further ,  w e  suppose t h a t  p r e t e s t  sco re  x and p o s t t e s t  sco re  y are erronecus 

measures of t r i e  a b i l i t y ,  more p rec i se ly ,  t h a t  

where u and v a r e  normally d i s t r i b u t e d  with expectat ion zero and common 

variance.  The common variance of the  measurement e r r o r s  can be  w r i t t e n  as 

( 1  - P)/P times t h e  variance of x* f o r  some 0 < P < 1; t hus  

 h he motive f o r  parameterizing in terms of Q and P w i l l  soon become clear). 

Further ,  w e  suppose t h a t  x*, u, and v a r e  independent. 

Consequently, t h e  test scores  have expectat ions 

var iances  

and covariance 



anci a r e  joint-normally d i s t r i b u t e d .  I n  a joint-nornial d i s t r i b u t i o n  any 

regress ion function is l i n e a r  and the  s lope(s)  a r e  read i ly  ca lcula ted  from 

the  var iances  and covariances. Spec i f i ca l ly ,  t h e  regression of y on x i s  

Note t h a t  

P = V(x*) /v(x) = v (x*) / (V (x*) + v (u) ) = v (x*) /V(y) . 
This is  the  variance r a t i o  which plays a key r o l e  i n  the  subsequent analys is .  

A s  a mat ter  of f a c t ,  x*, u, v, x, y are joint-normally d i s t r i b u t e d  with 

zero expecta t ions  and variance-covariance matrix 

Thus, f o r  example, t h e  regress ion of p o s t t e s t  on t rue  a b i l i t y  is 

E (y 1 x*) = (C (x* , y) /V (x*) ) x* = (Q/Q) x* = 1 x* . 

Comparing t h i s  wi th  (1) w e  see  the  fami l i a r  r e s u l t  t h a t  measurement e r r o r  

a t t enua tes  s lopes  -- here  P < 1. 



We now suppose t h a t  the  population is s p l i t  i n t o  two groups -- one 

which receives the  treatment, the  o the r  wnich does not.  Let z be 

a binary va r i ab le  which i n d i c a t e s  whether o r  not an ind iv idua l  rece ives  

t h e  treatment: 

1 i f  received treatment (i .e.  s e l e c t e d  f o r  experimental group) 

0 i f  d id  not  rece ive  treatment (i.e. se lec ted  f o r  con t ro l  group). 

%rther,;,we suppose t h a t  -- the  t r u e  e f f e c t  -- of the  treatment is n i l .  In terms -- 
of t h e  model, t h i s  amounts t o  saying t h a t  

o r  i n  o ther  words, t h a t  a mul t ip le  regress ion  of y on x* and z would y i e l d  

a zero c o e f f i c i e n t  on z .  (This p a r t i c u l a r  choice of a base l ine  i s  f o r  

convenience only and involves no e s s e n t i a l  l o s s  of general i ty.)  

In  p r a c t i c e ,  the  mul t ip le  l i n e a r  regress ion  of y on x and z ,  

w i l l  be run t o  a s sess  the  e f f e c t  of the  treatment. Since x is an erroneous 

measures of x*, t h i s  procedure may be biased -- a may be nonzero. 2 

Clear ly ,  what is re levant  is  t h e  s e l e c t i o n  procedure -- t h e  b a s i s  on 

which ind iv idua l s  were assigned t o  t h e  treatment and con t ro l  groups. If 

t h e  assignment had been random with respect  t o  t r u e  a b i l i t y ,  s o  t h a t  

a n d  - random with respect  t o  t h e  e r r o r  component of p r e t e s t ,  so  t h a t  



then no b i a s  would r e s u l t .  For i n  t h i s  s i t u a t i o n ,  

C(z,y) = C(z, x* + v) = .C(z ,  x*) 4- C(z, v) = 0 , 

C(z,x) = C(z, x* + u) = C(z, x*) + C(z, u) = 0 . 

Thus, the  no-1 equations determining the  regress ion  s lopes ,  ~ a m e l y  

would s p e c i a l i z e  t o  

(Q/P) a, + 0 

t h e  s o l u t i o n  t o  which is a = P , a2 = 0. 1 

A s  Campbell and Erlebacher ind ica te ,  such randomization i s  un l ike ly  

t o  occur i n  non-laboratory s i t u a t i o n s .  Our main ob jec t ive  i n  t h i s  paper 

is t o  evaluate  t h e  b i a s  -- t h e  discrepancy of a2 from zero -- i n  two 

i d e a l i z e d  cases. The two cases  are:  

Case ( i )  . Selec t ion  on b a s i s  of ' t r u e  a b i l i t y .  A l l  indiv iduals  whose 

t r u e  a b i l i t y  is  below the  average a r e  assigned t o  the  experimental group; 

a11 those whose t r u e  a b i l i t y  is above t h e  average a r e  assigned t o  the  

c o n t r o l  group. I n  terms of our model 



Case ( i i ) .  Se l ec t ion  on b a s i s  of p r e t e s t  score .  A l l  i n d i v i d u a l s  

whose p r e t e s t  s c o r e  is  below t h e  average a r e  assigned t o  t h e  expeximental 

group; a l l  those  whose p r e t e s t  s co re  is above t h e  average are assigned t o  

the '  c o n t r o l  group. I n  terms of our model 

Case ( i )  i s  a v a r i a t i o n  on t h e  model used by Campbell and Erlebacher  

i n  t h e i r  c r i t i q u e  of Head S t a r t  eva lua t ions .  Our v a r i a t i o n  l i e s  i n  s p l i t t i n g  

a s i n g l e  normal populat ion r a t h e r  than us ing  two d i s t i n c t  normal d i s t r i b u t i o n s .  

Case ( i i )  seems very  s i m i l a r ,  bu t  has s t r i k i n g l y  d i f f e r e n t  imp l i ca t ions ,  as 

shown by Barnow (1972). Neither  case  corresponds l i t e r a l l y  t o  r e a l i t y ,  

For example, when t r u e  a b i l i t y  i s  unobserved, i t  c a n ' t  r e a l l y  provide t h e  

b a s i s  f o r  s e l e c t i o n .  But these  two p o l a r  cases  should s u f f i c e  t o  c l a r i f y  

t h e  i s s u e s .  

For f u t u r e  re ference ,  no te  t h a t  e i t h e r  s e l e c t i o n  procedure s p l i t s  t h e  

popula t ion  i n t o  two equal-sized groups, s o  t h a t  i n  both cases  the marginal  

d i s t r i b u t i o n  of z is given by 

Po 
=  rob { z  = 01 = 112 , pl = Prob ' {z = 11 = 1 / 2  , 

whence 



We s h a l l  see t h a t  the  two cases d i f f e r  with respect  t o  the  covariances of 

z with the  o the r  va r iab les .  

3. Technical Digression 

In  general; t h e  covariance of any va r iab le  z with another v a r i a b l e  w 

can be c&mputed by taking the covariance of z with the  condi t ional  expecta t ions  

of w given Z, t h a t  i s  

I f  z is a binary v a r i a b l e  taking on the  values 0 and 1 with p r o b a b i l i t i e s  

po and p1 respec t ive ly  w e  have 

C(z, w) = po (0 - E(z)) ~ ( ~ 1 0 )  + pl ( 1  - E(z)) ~ ( ~ 1 1 )  

= - Po P1 [ ~ ( w l ~ )  - E(wl1)l; 

where E ( W ~ O ~  5 ~ ( w l z  = 0) and ~ ( w l l )  - ~ ( w l z  = 1 ) .  I n  the  present  s e t t i n g ,  

- po - pl = 1/2,  s o  t h a t  

I n  words, t h e  covariance of the  treatment dummy with any v a r i a b l e  is one- 

f o u r t h  of the  d i f fe rence  between the  mean of the  va r iab le  i n  t h e  experimental 

group and t h e  mean of the  va r iab le  i n  the  con t ro l  group. 



To compute these group means and re la ted  measures, w e  draw on the  

following theorem: 

2 
Let w - N(p, o ), t h a t  is, l e t  the  densi ty  function of w be 

2 -4 2 
( w - u )  1 - f (v) - (2no ) exp {- % 

Ci 

Then, given t h a t  a  < w < b, the  condi t ional  densi ty  of w is 

0 f o r  w 5 a 

< w . b) = {£(w)/ (F(b)  - .(a)) fo r  a  < w < b 

0 f o r  b L w ;  

t h e  condi t ional  expectat ion of w i s  

and t h e  condit ional  variance of w is 

t 
Here F( t )  denotes the cumulative normal d i s t r i b u t i o n ,  i.e. F( t )  .= 1- £(w)dw. 

-0 

The theorem is proven i n  Appendix A. A numerical tabula t ion which 

i l l u s t r a t e s  the  formulas is provided i n  Appendix B. 

For the  purposes of t h i s  paper, we  apply the  theorem d i r e c t l y  t o  the  

upper ha l f  of a  n o r m a l d i s t r i b u t i o n .  Se t t ing  a =  v and b  = w, w e  f i n d  the  

condi t ional  densi ty funct ion g iven ' tha t  w is  above p: 



using F(p) = 112, F(w) = 1; the condi t ional  expecta t ion given that w is 

above p: 

using a l s o  f ( p )  = (2m2)-' and f ( m )  = 0; and t h e  condit ional  variance given 

tha t .  w is  above u : 

--- 

2 ~ ~ - - v ~ L < w )  = 0 (IT - 2)/w 

By symmetry, f o r  t h e  lower hal f  of the  normal d i s t r ibu t ion , '  w e  have: 

2 f(w) f o r  w c - p 
I 

0 f o r  p C w 

and 

. . 2 
v(wlw < y) = 0 (IT - 2)/IT . 

Introducing t h e  binary va r iab le  

w e w r i t e  t h e  condi t ional  expectat ions and var iances  compactly a s  
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In conjunction wi th  ( 6 ) ,  the  condi t ional  expecta t ion  formula implies 

which means t h a t  t h e  c o r r e l a t i o n  between z and w is 

A s ' i s  t o  be expected, t h e  value of t h i s  c o r r e l a t i o n  is e n t i r e l y  independent 

2 
of t h e  va lues  of p and 0 . 

To summarize t h e  r e s u l t s  of our digression:  We have s p l i t  a normal 

populat ion i n t o  two groups, those above and those below t h e  mean; 

found the  within-group means and variances;  and a l s o  found t h e  between-group 

var iance  (expressed i n  terms of the  covariance of the  normal v a r i a b l e  wi th  

a binary v a r i a b l e  dep ic t ing  the  s p l i t ) .  In  what fol lows,  x* and x w i l l  

a l t e r n a t e l y  t ake  on t h e  r o l e  of w. 

4. Se lec t ion  on Basis  of True A b i l i t y  

In case  ( i )  t h e  ind iv idue l s  a r e  assigned t o  the  c o n t r o l  group o r  t o  

t h e  experimental group according a s  t h e i r  t r u e  a b i l i t y  is above o r  below 

t h e  mean t r u e  a b i l i t y  i n  t h e  population. Thus x* p lays  t h e  r o l e  t h a t  w 

d id  i n  Section 3. Recall ing t h a t  V(x*) = Q, we s e t  5 i n  (14) equa l  t o  

fi and f i n d  

Furthermore, s i n c e  z is determined exac t ly  ( i .e .  nons tochas t ica l ly)  by x*, 

i t  must be independent of u and v ,  which, a s  w i l l  be r e c a l l e d ,  are 

independent of x*. Thus 



This gives us t h e  moments w e  need t o  compute t h e  s lopes  i n  the  mul t ip le  

l i n e a r  r eg ress ion  of y  on x and 2. Spec i f i ca l ly ,  t h e  normal equations 

(4) s p e c i a l i z e  t o  

The so lu t ion  t o  these  normal equations is  

The i n t e r c e p t  can then he obtained a s  a = E(y) - al E(x) - a2 E(z) = - a2/2 
0 

using E(y) = E(x) = E(x*) = 0 and E(z) = - 1/2. Note t h a t  with 0  < P < 1. 

we have Ul < P, a2 < 0, and 0  < a f o r  R = 3.14... > 2 > 2 P. 0 

The s o l u t i o n  value  f o r  cx2 shows- t h a t  t h e  s e l e c t i o n  procedure makes 

t h e  c o e f f i c i e n t  of z  a biased measure of the  t r u e  e f f e c t  of t h e  treatment 

(which is zero) .  A s  the  var iance  r a t i o  P f a l l s  from 1 t o  0, t h e  va lue  of 

a f a l l s  monotonically from 0 t o  - - 1.6 6 , t h a t  i s  the  magnitude 2 

of t h e  b i a s  ( /a2 1 )  r i s e s .  The regression spur ious ly  a t t r i b u t e s  t o  the  

treatment d e l e t e r i o u s  e f f e c t s  on p o s t t e s t  when i n  f a c t  i t  had no e f f e c t  

whatsoever. The source of t h i s  b i a s  l i e s  i n  t h e  s e l e c t i o n  procedure which 

assigned low-abil i ty ind iv idua l s  t o  the  experimental group and h igh-ab i l i ty  

ind iv idua l s  t o  t h e  con t ro l  group. Those d i f fe rences  i n  t r u e  a b i l i t y  were 

manifested i n  d i f fe rences  i n  p o s t t e s t  scores .  The treatment v a r i a b l e  z  



g e t s  a negative c o e f f i c i e n t  because i t  is proxying ( inversely)  f o r  t r u e  

a b i l i t y .  This is  the  essence of the Campbell-Erlebacher argument, and w e  

see t h a t  i t  holds 'up  i n  our case (1). 

To round out the  discussion of case ( i ) ,  we consider what happens when . 

l i n e a r  regress ions  of p o s t t e s t  on p r e t e s t  a r e  r u n  separa te ly  i n  each of the  

two.groups. To obta in  those regressions we requ i re  the  within-group 

moments -- the ' cond i t iona l  exceptions, variances,  and covariance -- of post- 

test and p r e t e s t .  F i r s t ,  applying (12)-(13) wi th  p = E(x*) = 0 and 

O2 = V(x*) = Q, we obtain 

v (x*~z)  = (IT - 2)Qj-n 

Next, r e c a l l i n g  t h a t  u and v a r e  independent of x* and thus of z (which 

is an exact  function of x*), w e  deduce 

Thus, wi th in  e i t h e r  group, t h e  s lope  of t h e  l i n e a r  regress ion of p o s t t e s t  

on p r e t e s t  w i l l  be 



which is  e x a c t l y  al , t he  c o e f f i c i e n t  of x i n  the  o v e r a l l  mu l t ip l e  r eg res s ion .  

The i n t e r c e p t s  of course w i l l  d i f f e r ,  t h a t  i n  t h e  c o n t r o l  group being 

~ ( ~ 1 0 )  - al ~(x10) = (1 - crl) 

and t h a t  i n  the  experimental  group being 

~ ( ~ 1 1 )  - al ~ ( ~ 1 1 )  = - 1  - a m. 

The d i f f e r e n c e  between these  two i n t e r c e p t s  co inc ides  wi th  t h e  c o e f f i c i e n t  

of z i n  t h e  o v e r a l l  mu l t ip l e  regression:  

Thus the  spur ious  e f f e c t  of t h e  t reatment  t u r n s  up again  a s  a  d i f f e r e n c e  i n  

t h e  l e v e l  of t h e  two within-group l i n e a r  r eg res s ions ,  a s  t h e  diagram i n d i c a t e s .  



We have r e l i e d  on l i n e a r  r eg res s ion  f o r  t h i s  a n a l y s i s ,  d e s p i t e  t h e  

f a c t  t h a t  t h e  t r u e  r eg res s ion  of y on x i s  non l inea r  i n  t h e  p resen t  

s i t u a t i o n ,  t h a t  is, ~ ( ~ l x ,  z )  is  non l inea r  i n  x. This  conp l i ca t ion  i s  

examined i n  Appendix C and may be s tud ied  more c l o s e l y  i n  f u t u r e  work, But 

f o r  t h e  p resen t ,  t h e r e  i s  no reason t o  be l i eve  t h a t  i t  would change our  

q u a l i t a t i v e  conclusions.  In any event ,  t h e  r e s u l t s  given above a r e  s t i l l  

v a l i d  f o r  t h e  b e s t  l i n e a r  approximation t o  t h e  t r u e  cond i t iona l  expec ta t ion  
. . 

func t ion ,  which is presumably what is f i t t e d  i n  app l i ed  studi.es.  

5. Select ioiz  on Bas is  of P r e t e s t  Score 

I n  case  ( i i )  t h e  i n d i v i d u a l s  a r e  ass igned t o  t h e  c o ~ l t r o l  group o r  t o  

t h e  exper imenta l  group according as t h e i r  p r e t e s t  s c o r e  (not t h e i r  t r u e  

a b i l i t y )  is above o r  below t h e  mean p r e t e s t  s c o r e  i n  t h e  populat ion.  Thus 

x (not  x*) p l ays  the  r o l e  t h a t  w d id  i n  Sec t ion  3. Recal l ing  t h a t  
, . -  

E(x) = 0 and V(x) = Q/P, we s e t  p = 0 and 0 = i n  (12) and (14) r o  f i n d  

(18) 

and 

I n  t h e  p r e s e n t  case,  z i s  determined e x a c t l y  by x ,  hence it w i l l  depend on . ., 

bo th  x* and u, but  w i l l  remain independent of v. 
. .  . .. . . 

To ob ta in  C(z,y),  we proceed as f o l l o v s .  For t h e  popula t ion  a t  l a r g e ,  

we  know t h a t  



s i n c e  C(u,x) .= V(u) = ( 1  - P)Q/P and V(x) = Q/P toge the r  imply t h a t  i n  t h e  

r e g r e s s i o n  of t he se  joint-normal v a r i a b l e s ,  t h e  s l o p e  i s  C(u,x)/V(x) = ( 1  - P ) ,  

wh i l e  E(y) = 0 = E(x) imp l i e s  t h a t  t h e  i n t e r c e p t  is  zero.  S ince  z is  an 

e x a c t  f u n c t i o n  of x ,  i t  fo l lows  t h a t  

.. . 

Consequently , 

and, s i n c e  v i s  independent  of z ,  

I n  conjunc t ion  wi th  (6) t h i s  means t h a t  

(23) C(z,y> = (-114) 2 = - . 

I n c i d e n t a l l y ,  (21) shows t h a t  t h e  s e l e c t i o n  on t h e  b a s i s  of p r e t e s t  

s c o r e s  has  made t h e  two groups d i f f e r e n t  i n  mean t r u e  a b i l i t y ,  b u t  a c.omparison 

of (21) w i t h  (15) shows t h a t  t h i s  d i f f e r e n c e  i s  less (by t h e  f a c t o r  6) than  

i t  was when t h e  s e l e c t i o n  was s t r i c t l y  on t h e  b a s i s  of t r u e  a b i l i t y .  I n  case  

( i i )  t h e  c o n t r o l  group does no t  come e n t i r e l y  from t h e  h igh -ab i l i t y  h a l f  of 

the popula t ion ;  i t  a l s o  i nc ludes  low-abi l i ty  i n d i v i d u a l s  who happened t o  s c o r e  

unusua l ly  h igh  on t h e  p r e t e s t .  



We now have t h e  moments w e  need t o  conlpute t h e  s l o p e s  i n  t h e  m u l t i p l e  

l i n e a r  r eg re s s ion  of y  on x and z .  The normal equat ions  (4) s p e c i a l i z e  t o  

The ' s o l u t i o n  t o  t h e s e  'normal equat ions  j.s simply 

t h e  i n t e r c e p t  i s  a - E(y) - a,- E(x) - a2 E(z) = 0- 
0 

, . .  . . .  

The s o l u t i o n  va lues  show t h a t  t h e  s e l e c t i o n  p roceduredoes  not  make t h e  

c o e f f i c i e n t  of z a  b iased  measure of t h e  t r u e  e f f e c t  of t h e  t rea tment  (which 

i s  zero) .  I n  s t r i k i n g  c o n t r a s t  t o  case  (i), t h e  r eg re s s ion  c o r r e c t l y  

z t t r i b u t e s  no e f f e c t  t o  t h e  t reatment .  Despi te  t h e  f a c t  t h a t  t h e  s e l e c t i o n  

procedure tended t o  a s s i g n  low-abi l i ty  i n d i v i d u a l s  t o  t h e  experimental  group 

and h igh -ab i l i t y  i n d i v i d u a l s  t o  t he  c o n t r o l  group, no spu r ious  e f f e c t  a r i s e s .  

Despi te  t h e  f a c t  t h a t  z by i t s e l f  i s  an ( inverse)  proxy f o r  t r u e  a b i l i t y ,  i t  

f a i l s  t o  p ick  up, i n  t h e  m u l t i p l e  r eg re s s ion ,  any c r e d i t  f o r  t h e  e f f e c t  of 

t r u e  a b i l i t y  on p o s t t e s t .  

The explana t ion  f o r  t h i s  se rendip i tous  r e s u l t  i s  no t  hard t o  l o c a t e .  

Reca l l  t h a t  z  i s  completely determined by p r e t e s t  s co re  x. It cannot con ta in  

any information about x* t h a t  is n o t  contained i n  x. Consequently, when w e  

c o n t r o l  on x a s  i n  t h e  m u l t i p l e  r eg re s s ion ,  z has  no explana tory  power wi th  

r e s p e c t  t o  y. More formal ly ,  t h e  p a r t i a l  c o r r e l a t i o n  of y  and z c o n t r o l l i n g  

on x vanishes  a l though t h e  simple c o r r e l a t i o n  of y  and z i s  nonzero. 



To round out  t h e  d i scuss ion  of c a s e ( i i ) ,  w e  cons ider  what happens when 

s e p a r a t e  r s g r e s s i o n s  of y on x a r e  run  f o r  . the experimental  and con t ro l  

groups. We a l r eady  have the  within-group means; i t  remains t o  f i n d  the  

within-group var iances  and ccvaria.nce. For p r e t e s t ,  we can apply (13) 

2 
d i r e c t l y ,  s e t t i n g  a = V(x) = Q/P t o  f i n d  

-- ---- ---- ---- ---- ---- ---- 

For p o s t t e s t ,  t h e  r o u t e  i s  more roundabout; w e  s t a r t  wi th  t h e  decomposition 

of t h e  marginal  va r i ance  of x* i n t o  i t s  between- and within-group components: 

Using (21) w e  compute the be tween-group component : 

Since  V(x*) = Q, i t  fo l lows  t h a t  t h e  expected c o n d i t i o n a l  va r i ance  i s  

------ 

By symmetry, t h i s  means t h a t  

Then, s i n c e  v is  independent of z and x*, w e  conclude t h a t  



Further,  the marginal covariance of x* and x decomposes i n t o  

Using (18) and (21) w e  compute the between-group component: 

Since C(x*,x) = Q, i t  follows by symmetry t h a t  

c(x*,x~z)  = Q - ~ Q / ' I T  = Q (1  - 21'1~) = ('IT - ~ ) Q / ' I T .  

Since v is independent of x and hence of z, w e  f i n a l l y  have 

Taking together (24) and (25), w e  see t h a t  within e i t h e r  group, the  

s lope  of the  l i n e a r  regress ion of p o s t t e s t  on p r e t e s t  is 

which coincides wi th  t h e  value f o r  t h e  c o e f f i c i e n t  of x i n  t h e ~ o v e r a l l  mul t ip le  

regression.  The i n t e r c e p t s  w i l l  a l s o  be the  same, namely zero: 



A s  t h e  diagram i n d i c a t e s ,  t h e  two within-group r e g r e s s i o n s  co inc ide  

wi th  t h e  overall r eg re s s ion ,  confirming t h e  absence cf a t rea tment  effect. 

Control 



The discussion i n  Lord and Novick (1968, pp. 141-147) provides a very 

simple der ivat ion of the  f a c t  t ha t  no spurious treatment e f f e c t  can a r i s e  

i n  case ( i i ) .  Recall  from (1) tha t  f o r  t he  population a t  large ,  the  regression 

of p o s t t e s t  on p r e t e s t  is  l i nea r .  The same l i n e a r  function holds over the  

e n t i r e  range of x, and w i l l  be observed no matter  what subrange of x we 

choose t o  observe, a s  long a s  w e  do not  tamper with t he  condi t ional  d i s t r i -  

but ion of y given x. (Nothing i n  the  usual  regression model requires  t h a t  

the  d i s t r i b u t i o n  of the  explanatory var iab le  be representa t ive  of its 

d i s t r i b u t i o n  over the  e n t i r e  population. The only requirement is t h a t  the  

condi t ional  d i s t r i bu t i on  of the  dependent va r iab le  given the  explanatory 

var iab le ,  be  preserved. ) For the  within-group regressions,  i n  case ( i i )  w e  

have simply se lec ted  a range of x, w e  have not  tampered with t he  d i s t r i b u t i c n  

of y given x. Therefore within each group w e  must get  the  same regress ion 

as we ge t  overal l .  This argument, inc iden ta l ly ,  demonstrates t h a t  t he  t r u e  

regress ion of y on x and z is l i n e a r  ( i n  con t ras t  t o  case ( i ) ) .  Note t h a t  

t h i s  is  t r u e  even within groups,where t h e  d i s t r i bu t i ons  of y and x a r e  

c l e a r l y  nonnormal. 

Lord and Novick (1968, pp, 143-144) c a l l  a t t e n t i o n  t o  the  f a c t  t ha t  

co r r e l a t i on  coef f i c ien t s ,  unl ike  regression coef f i c ien t s ,  a r e  s e n s i t i v e  

t o  s e l ec t i on  on the  independent var iable .  I n  the  present  case, the  overa l l  

cor re la t ion  between x and y is 



whi le  t h e i r  within-group ( i . e .  p a r t i a l  given z) c o r r e l a t i o n  i s  

Since 0 < P < 1, w e  s e e  t h a t  p 
xy. Z < Pxy , a s  might be  expected. 

6. E f f i c i e n c y '  

The b a s i c  r e s u l t s  f o r  cases  ( i )  and ( i i )  may be b r o u g h t ' t o g e t h e r  i n  

t h e - f o l l o w i n g  t a b l e ,  a long with those  f o r  t he  random s e l e c t i o n  procedure 

d iscussed  a t  the  end of Sec t ion  3 and i d e n t i f i e d  he re  as case  (0): 
. -- . . . . . . . . . - . . .. . . - - . . . . .. - - . . . . - - . . . - - - - . - - . - . . - - 

Variances and covariances 

Regression c o e f f i c i e n t s  

W e  are reminded t h a t  case ( i i )  -- s e l e c t i o n  on b a s i s  of pre tes t - -  

produces the  same unbiased r eg res s ion  r e s u l t s  as c a s e  ( 0 )  -- pure ly  random 

s e l e c t i o n .  But we should no t  conclude t h a t  t he  two procedures a r e  equa l ly  



d e s i r a b l e .  Reca l l  t h a t  our  a n a l y s i s  has  been couched i n  terms of popu la t ion  

parameters,  s o  t h a t  sampling v a r i a b i l i t y  has  been ignored. For f i n i t e  

samples, t h e  c a s e  ( i i )  r eg re s s ion  w i l l  remain unbiased, b u t  a s  we now show, 

is s u b j e c t  t o  more sampling v a r i a b i l i t y  than t h e  case  (0) r eg re s s ion .  That  

is, random s e l e c t i o n  provides  a more efficient experimental  des ign .  

In spec t ing  t h e  t a b l e  w e  see t h a t  i n  ca se  (0) t h e  explana tory  v a r i a b l e s  

a r e  uncorre la ted ,  t h a t  is, C(z,x) = 0, while  i n  ca se  ( i i )  they  are c o r r e l a t e d ,  

C(z,x) # 0. This  sugges t s  t h a t  t h e  s tandard  e r r o r s  of t h e  r e g r e s s i o n  c o e f f i c i e n t  

e s t ima te s  a r e  l a r g e r  i n  t h e  la t ter  case.  Indeed, t h e  u s u a l  formula f o r  

r eg re s s ion  on two explana tory  v a r i a b l e s  shows t h a t  t h e  va r i ance  of r e g r e s s i o n  

2 c o e f f i c i e n t  e s t i m a t o r s  is m u l t i p l i e d  by a  f a c t o r  l / ( l  - p ) i n  moving from 

2 
an uncor re l a t ed  t o  a c o r r e l a t e d  design,  where p is t h e  squared c o r r e l a t i o n  

of  t h e  explana tory  v a r i a b l e s ;  c f .  &Ymenta (1971, p. 388). I n  o u r  c a s e  (ii), 

2 t h e  r e l e v a n t  p is 

implying t h a t  t h e  sampling va r i ances  of t h e  r eg re s s ion  c o e f f i c i e n t s  i n  ca se  

( i i )  w i l l  be  

t imes a s  l a r g e  as they  a r e  i n  ca se  (0) .  ( I t  is i n t e r e s t i n g  t h a t  t h i s  

numerical conclus ion  is e n t i r e l y - i n d e p e n d e n t  of t h e  va lues  of t h e  parameters  , .  ; 

of  t h e  model, P and Q.) Thus t h e  e f f i c i e n c y  of  t h e  random s e i e c t i o n  

procedure is confirmed -- a random sample of s i z e  1 C O  being a s  good as a 

se lec ted-on-pre tes t  sample of s i z e  275. 



In the preceding calculation we re l i ed  impl ic i t ly  on the assumption 

that the disturbance variance did not change with the change i n  experimental 

design. This assumption is j u s t i f i e d  since i n  both cases V(y) = Q/P and 

~ ( ~ . l x ,  Z )  = E(~~x) = PX, which impl.ies that 

i n  both cases.  



Appendix A .  Condit ional  Densi ty and Moments - 

To eva lua te  t h e  dens i ty ,  expectat ion,and var iance  cond i t iona l  on a  

normally d i s t r i b u t e d  v a r i a b l e  l y i n g  wi th in  a s p e c i f i e d  i n t e r v a l ,  we  begin 

t h e  case  of s tandard normal d i s t r i b u t i o n .  

Let s N(0, l ) ,  t h a t  i s  l e t  t he  d e n s i t y  funct ion  of s be: 

= (2n)4 e x p  { - 4 s2 I .  

The p r o b a b i l i t y  t h a t  s l ies i n  t h e  i n t e r v a l  between a  and b  is  F*(b) - F*(a), 

where 

S 2 
F*(s) = l f*(r) d r  = (2n)-' is exp { - t r 1 d r  

-03 -03 

denotes  the  cumulative s tandard normal d i s t r i b u t i o n .  Therefore the  

cond i t iona l  d i s t r i b u t i o n  of s given t h a t  a  < s < b  is given by the  d e n s i t y  

funct ion  

0 f o r  s 2 a  

(All p * ( s l . ) - p * ~ s l a < s < b ) =  - F * ( a ) )  f o r a < s < b  

f o r  b < s .  - 

The moment-generating funct ion  f o r  t h i s  d i s t r i b u t i o n  i s  

- - -  1 b 
F*(b) - F* (a) (2n)-% l exp { ts )  exp -{ Ii s21ds.  

a  



Completing the  square  i n  t h e  exponent v i a  

2 2 
ts - - 4 s  = - 4 ( s  - t )  + k t  2 

w e  rewrite (Al) a s  

2 -' lb exp { - k ( s  - t )  2 l d s ] .  , (F*(b) - F*(a)) m(t)  = exp { f t [ ( 2 ~ )  a 

The term i n  square  b racke t s  w i l l  be recognized a s  the  p r o b a b i l i t y  t h a t  a 

N(t, 1 ) -va r i ab le  l i e s  i n  t h e  i n t e r v a l  between a and b ,  which is  equal  t o  

the  p r o b a b i l i t y  t h a t  a N ( 0 ,  1 ) -var iab le  l i e s  i n  the  i n t e r v a l  between a - t 
and b - t , namely F* (b - t )  - F* (a  - t )  . 
Thus 

(F*(b) - F*(a)) m ( t )  = exp { %  t 2 }  (F*(b - t )  - F*(a - t ) ) .  

D i f f e r e n t i a t i n g  wi th  r e s p e c t  t o  t g ives  

using F*'(s) = f*(s ) .  S e t t i n g  t = 0 t o  gene ra t e  t h e  f i r s t  moment w e  f i n d  

t h a t  is 

(A.2 

D i f f e r e n t i a t i n g  a second time wi th  r e spec t  t o  t g ives  



2 
(F*(b) - F*(a)) rnl ' ( t )  = t exp { % t (-f*(b - t )  £*(a - t ) )  

2 + t2 exp { 4 t ( ~ * ( b  - t )  - ~ * ( o  - t ) )  

2 + exp { %  t ) ( ~ * ( b  - t) - ~ * ( a -  t ) )  

2 + exp { ? i  t 1 (-(b-t)£*(b-t) + (a- t)f*(a- t))  

using f k ' ( s )  = - s f*(s). S e t t i n g  t equal  t o  zero t o  gene ra t e  t h e  second 

moment , w e  f i n d  

t h a t  is, 

The va r i ance  could now be computed as 

' '  2 
Proceeding t o  t h e  g e n e r a l  case, let w - N(V, C 1, t h a t  is t h e  d e n s i t y  

f u n c t i o n  of w is 

L 

f (w) = (2rro2)-t exp. { - % (w (J - . V  1 1 ,  

and t h e  cumulative d i s t r i b u t i o n  of w is 

W ' 2 
F(w) = / . f ( r )  d r  = (2x0 2 J I p  ) exp '{  - 4  (7 - '1 1 d r .  

-03 -ca 

Note t h a t  



where £*(,) and F*(.) are t h e  s tandard ized  func t ions  defined above. W e  

i n t roduce  t h e  s tandard ized  v a r i a b l e  s = (w - p)/cr. The event  "a < w < b" 

is i d e n t i c a l  w i t h  t h e  event  "a* < s < b*", where 

'Therefore t h e  p r o b a b i l i t y  t h a t  a  < w < b is i d e n t i c a l  w i th  t h e  p r o b a b i l i t y  

t h a t  a* < s < 'b* ,  namely F*(bA) - F*(ax). From (Al) and ( A 4 )  i t  fo l lows  

t h a t  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d i s t r i b u t i o n  of w given t h a t  a < w b 

is g iven  by t h e  d e n s i t y  func t ion  

f o r  w 2 a  
f o r a < w < b  
f o r  b < w .  - 

This  is  equat ion  (7) i n  t h e  t e x t .  F a r t h e r ,  w i t h  w = p f 0s everywhere. 

i t  must be  t r u e  t h a t  f o r  any event  

S p e c i f i c a l l y  

2 f  (a) - f ( b )  
= p + 5  

F(h) - F(a)  ' 

us ing  (A2) and ( A 4 ) .  This  i s  equat ion  (8) i n  t h e  t e x t .  Similar ly,  i t  

must be t r u e  t h a t  £OF any event ,  



Spec i f i ca l ly ,  

2 2 2 
~(wli < w <  b) = u [E(s la* < s < b*) - E (s la*  < s < b*)] 

a*f*(a*) - b*f* (b*) - [ f*(a*) - f* (b*)12 } 
F* (b*) - F*(a) 

using (A2), (A3), and ( A 4 ) .  This is equation (9) i n  the text. 

. . . . . . 



Appendix B. I l l u s t r a t i o n  of Conditional Moments 

The following t abu la t ion  may serve  t o  i l l u s t r a t e  t h e  consequences of 

s e l e c t i n g  a subpopulation from a normal d i s t r i b u t i o n .  Constructed f o r  a  

s tandard normal d i s t r i b u t i o n  s - Y(0, 1)  , t h e  t a b l e  i n d i c a t e s  f o r  va r ious  

va lues  of a ,  the  p robab i l i ty  t h a t  a  random drawing exceeds a ,  namely 

1 - F*(a); t h e  condi t ional  expecta t ion  given t h a t  i t  exceeds a, namely 

and t h e  condi t ional  var iance  given t h a t  i t  exceeds a ,  namely 

~ ( s l a  < s )  = 1 -I- a £*(a) -[ £*(a) l 2  
1 - F*(a) 1 - F* (a) 

2 
= 1 + a ~ ( s l a  < s )  - E ( s l a  < s )  

= 1 - ' ~ ( s l a  < s )  ( ~ ( s l a  < s )  - a ) ) .  

The formulas he re  a r e  obtained by taking b = i n  (A2)-(A3). 

Cutoff point  
a 

Probab i l i ty  of 
Selec t ion  

Condit ional  
Expectation 

Condit ional  
Variance 



Our t a b l e  may be compared wi th  t h a t  i n  Lord and Novick (1968, p. 1411, 

which uses d i f f e r e n t  cu tof f  p o i n t s ,  r e p o r t s  cond i t iona l  s tandard  d e v i a t i o n s  

r a t h e r  than va r i ances ,  and does not  r epor t  cond i t iona l  e::pectations. 

Appendix C. Zxact Regressions When Se lec t ion  is  Based on True A b i l i t y  

To develop t h e  exac t  (nonl inear )  regress ion  funct ions  of y  on x when 

s e l e c t i o n  is  based on t r u e  a b i l i t y  we proceed a s  foll.ows. For typographica l  

convenience i n  t h i s  appendix we denote x* by w and V(u) by 

For t h e  popula t ion  a t  l a r g e  w e  have w - N ( 0 ,  Q) and x 1 w - N(w, R) . The 

r e spec t ive  d e n s i t i e s  a r e  

W 
2 

= (zT~Q)-' exp { - 4  - I , 
Q 

-4  (x - w) 
2 

p(xIw) = (2~1R) e x p {  - 4 > .  

For t h e  lower h a l f  of t h e  t r u e  a b i l i t y  d i s t r i b u t i o n  ( i . e .  t h e  t rea tment  

group, f o r  whom z = l ) ,  t h e  d e n s i t y  of w is  

2  f(w) f o r  w < 0 

f o r  0 2 w , 

whi le  t h e  d e n s i t y  of xlw i s  s t i l l  p(xlw). Thus t h e  j o i n t  d e n s i t y  of x  and 

w is 

2 p(x!w) f ( w )  f o r  w < 0. 
p(x,wIl)  = P ( x ( ~ )  ~ ( ~ 1 1 )  = f o r  O <  w . - 



Now 

2 2 
(x (w) f (w) = (2nR)-'(2nq)-' exp { - 4 [(X ") + PI 1 

Px 
2 - %  5 (w - Px) 2 

= (~TQ/P)-% exp { - %  - 1 (2n(l  - P)Q) exP 1 - (l - p)Q Q 
1 

where w e  have completed the  square i n  the exponent v i a  

using the  d e f i n i t i o n  of R. Thus p(x ,w[l ) ,  the j o i n t  dens i ty  of x and w 

i n  the  treatment group, is  zero f o r  0 Cw, and is twice the  expression 

i n  (C2) f o r  w < 0. 

The dens i ty  of x i n  the  treatment group can now be obtained as 

2 0 2 - Px) idc 
= 2 ( 2 1 ~ ~ 1 4 ~  exp { - % (21r(l-P)~)-% f ex; 1- f - jQ 

-cO 

This d i s t r i b u t i o n  of p r e t e s t  scores i n  the  treatment group, sketched i n  the  

diagram below, is  c l e a r l y  nonnormal. (High p r e t e s t  scores  a r e  a r a r e  

phenomenon i n  the  treatment group, which by construction,  has no high- 

a b i l i t y  individuals , )  



From (Cl) - ( ~ 3 ) ,  the  condit ional  densi ty  of w given x i n  the treatment 

group now follows: 

where 

f o r  w < 0 

f o r  0 2 w 

W e  recognize f (w) a s  the densi ty  of a N(Px, ( 1  - P)Q)- var iab le ,  which 
X 

means t ha t  f (w)/Fx(0) i s  the condi t ional  densi ty  of such a var iab le  
X 

given t h a t  the  va r iab le  is less than zero. Consequently, 

is  the  expected value of a N(Px, (1 - P)Q) va r i ab l e  given t h a t  the  va r iab le  

is less than zero. Applying (A5) w e  f ind  



A s  i n  Appendix A, l e t  f*(.) and F:t (.) denote the  s tandard normal 

d e n s i t y  and cumulative func t ions  r e spec t ive ly .  Then using (A4), w r i t e  

and 

Introduce t h e  t ransformation 

(C5) 

and w r i t e  

using f*  (-s) = f* ( s )  and F*(-s) = 1 - F* ( s )  . F i n a l l y ,  i n s e r t i n g  (C6) 

i n t o  (C4) w e  have 

as t h e  r eg res s ion  funct ion  of t r u e  s b i l i t y  on p r e t e s t  i n  t h e  t rea tment  

goup. By symmetry, t he  r eg res s ion  funct ion  of t r u e  a b i l i t y  on p r e t e s t  

i n  t h e  c o n t r o l  group ( i  .e. f o r  z = 0) must be 



That these  l a s t  two equations a r e  a l s o  the  regression of p o s t t e s t  

on p r e t e s t  f o r  the  two groups follows from the f a c t  t h a t  y = x* 4- v wi th  

v independent of x* (and hence of 2) .  The shape of these curves is not  

hard t o  cha rac te r i ze .  Consider the  treatment group. A s  x + -a, s * --, 

s o  f * ( s ) / ( l  - F*(s)) + f*(-m)/(l - F*(-m)) = 0 / ( 1  - 0) = 0, which means 

t h a t  ~ ( ~ l x , l )  -> Px. On t h e  o the r  hand, using L'Hospita19s r u l e :  

l i m  f * ( s ) / ( l  - F*(s)) = l i m  f* ' ( s ) / ( -  F*'(s)) = l i m  (-s f*(s))/(- f * ( s ) )  = 

1 ( s )  . So a s  x -t -, s -> 03, and f*(s) /  ( 1  - F*(s)) -+ -a, which means t h a t  

E(y x, 11) is asymptotic t o  t h e  hor izon ta l  ax i s .  For t h e  c o n t r o l  group, w e  

have t h e  mir ror  image, a s  sketched i n  the diagram on the  next  page. 

The f a c t  t h a t  E(ylx, z )  is  always nsgat ive  f o r  z = 1 and always p o s i t i v e  

fox z = 0 i s  an automatic consequence of the  f a c t  t h a t  t h e  s e l e c t i o n  procedure 

kept  t r u e  a b i l i t y  always negat ive  f o r  the  treatment group and always p o s i t i v e  

f o r  t h e  c o n t r o l  group. 

We see t h a t  the  exac t  regress ions  a r e  nonlinear  i n  x and t h a t  t h e  

spurious treatment e f f e c t  shows up i n  a non-additive manner. What can be 

s a i d  about t h e  spurious treatment e f f e c t  i n  t h e  exact  (nonlinear)  r eg ress ions  

a s  compared wi th  t h e  spur ious  treatment e f f e c t  i n  the  approxireate ( l i n e a r )  

regress ions?  I n  Section 4 we saw t h a t  the  c o n t r o l  group l i n e  was p a r a l l e l  

t o  the  treatment group l i n e  and lay above i t  by the cons tant  amount - 

say. Now we see  t h a t  the  con t ro l  group curve l i e s  above t h e  treatment group 

curve by t h e  v a r i a b l e  amount 
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say. I n  p a r t i c u l a r ,  a t  x = 0,  t he  d i s t a n c e  between the  curves i s  

h(o)  = 1 - P)Q (z r r ) - ' / ( (~  = m ( 1  - P) /a  

- 
: = h (IT - 2 ~ ) / ( 7 r r n  = r; g(P) ,  

say.  For 0 < P < .67, we f i n d  t h a t  .96 < g(P) < 1, s o  t h a t  h(0)  i s  s l i g h t l y  

- 
less than, but  v i r t u a l l y  ind i s t ingu i shab le  from, h . For .67 < - P < .80 , 

we f i n d  1 < g(P) < 1.10, s o  t h a t  h(0) is  s l i g h t l y  g r e a t e r  than  h. Then 

f o r  .80 < - P < 1, g(P) cont inues  t o  r i s e  and h(0)  becomes s u b s t a n t i a l l y  

g r e a t e r  than K. The p i c t u r e  i s  somewhat mixed, but  on balance i t  seems 

t h a t  the  l i n e a r  r eg res s ions  may show l e s s  of a spur ious  t reatment  e f f e c t  

than t h e  c u r v i l i n e a r  r eg res s ions .  Admittedly, i t  i s  not  c l e a r  t h a t  

x = 0 is a s e n s i b l e  p o i n t  a t  which t o  compare t h e  t reatment  and c o n t r o l  

curves. 

A s  noted a t  the  end of Sec t ion  5 , the  complicat ion of c u r v i l i n e a r i t y  

does not  a r i s e  when s e l e c t i o n  is on the  b a s i s  of p r e t e s t  s co res  r a t h e r  

than t r u e  a b i l i t y .  
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