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APPENDIX

A. We represent a tax system by a function B(y) which gives the amount

of after-tax income retained by a person with a pretax income of y. A

progressive tax system is one in which B(e) is increasing, concave, and satis-

fies

(2 ) B(O) 0.

Let • be the maximum marginal tax rate of a tax system. Then

• = 1 - lim B'(y).
y+<»

We say a tax system is .-admissible if it is increasing, concave, satisfies

(2) and its maximum marginal tax rate is less than or equal to ••

An example of a .-admissible tax system is the piecewise-linear system

which does not tax income which is less than or equal to k and taxes income

greater than k at rate •• We denote such a tax system B. k(e) and define it,
as follows:

k + (l-.)(y-k) if y > k

y if Y~k

Throughout this appendix we consider the effect of a tax system B(e) on

expected after-tax income when pretax income y is a random variable with sup-

port [0, M]. For a tax system B( e), define y as the solution toc

(3 ) B(y ) = E[B(y)];c

Yc is a certainty equivalent. Under a tax system B(I), a certain income of

Yc gives the same expected after-tax income as the random income y.
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For any .€(O,l) there is a unique solution to the equation

(4 ) y = E[B. "(y)].,y

To see this, let g(x) = x and h(x) = E[B~ (y)]. We seek a solution, y, to• ,x

g(y) = h(Y). Now g(O) = 0, and h(O) = (l-.)E[y] > 0. However, for € > 0,

g(M+€) = M+€ > h(M+€). Thus there is at least one solution to (4). There

is only one since g'(x) = 1 and h'(x) = .[l-F(x)] < 1.

Proposition:
A

Let y be the solution to (4); then B....... ( e) is the .-admissible• ,y

tax system which minimizes Yc where Yc is defined in (3).

The proof is a consequence of the following simple result.

Lemma: For any z in the support of y, B (.) is the .-admissible tax system.,z

which minimizes

E[B(y)]
B(z)

Proof of Proposition: Suppose there is a .-admissible tax system B(e) other
~ I"'tJ f"tw 1'"'01

than B ,,(e) such that B(y) = E[B(y)] and y < Yc where Yc is the solution to.,y

(3) for B(y) = B.,y(y). Then, E[B(y)] = B(Y) < B(yc). Thus,

E[B(y)].... < L
B(yc)

But E[B. (y)] =
'Yc

= 1.

Thus E[B(y)]
....
B(yc)
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which contradicts the Lemma.

Proof of Lemma: Let

E[B(y)]
R = B(z)

=
~

B(z) +
E[B(y) Iy>z]

B(z)

We show that Bz,. is a .-admissib1e tax system which minimizes both Rl and ~.

Clearly the .-admissib1e tax system which does not tax income < z and taxes

all income> z at rate. minimizes Rz. Such a system minimizes the numerator

of ~ while it maximizes the denominator. Consider the problem of finding a

.-admissib1e tax system which minimizes Rl • We need only concern ourself with

how income is taxed on the interval [0, z]. The numerator of Rl is

(proportional to) expected after-tax income when income is distributed on [0,

z]; the denominator of R1 is after-tax income on income of z. Any progressive

tax system will decrease the denominator of R1 proportionately at least as

much as it decreases the numerator, for under a progressive system a person

with income less than z is taxed no more heavily than a person with income z.

Thus the progressive tax systems which minimize R1 are linear over the range

[0, z]. Since B ~(.) is linear over [0, z] it is .-admissib1e and minimizesz, •

both R1 and ~.
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B. The following equation is used to compute Table 1:

(5 ) T = 1 2 1 2(l-R)/[(l-<P«log R - '2 (J )/(J» - R(1 - <p«log R + 2" (J )/(J»]

where <p(.) is the cumulative distribution function of a standard normal random

variable. To derive (5) observe first that if B(·) is the tax system which

minimizes R and if y is distributed with density f(o) and cumulative distri-

bution function F(·), then

00 00

Yc = B(yc) = E[B(y)] = J yf(y)dy - T J (y-yc)f(y)dy.
0 Yc

Thus,

00

(6) Yc = Ey + Ty [1 - F(y )] - T J yf(y)dy.c c
Yc

2Now if log Y is normally distributed with mean JJ and variance (J , then

(7 ) Ey = Y 1 2
= exp (JJ + '2 (J ).

Furthermore, it can be shown (Johnson and Kotz, 1970, p. 129) that

(8)

Since

- 2yf(y)dy = Y [1 - ~«log y - JJ - (J )/(J)].c

we can substitute in (8) to obtain
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co

(10) f yf(y)dy = Y[l - ~«log R + log Y - ~ - cr2 )/cr)]
yc

- 1 2
= Y[l - ~«log R - "'2 cr )/cr)].

The last step follows from (7). A similar substitution shows that

(11) 1 - F(y ) = 1 - ~«log R + log Y - ~)/cr)c

1 2
= 1 - ~«log R + "'2 cr ) / cr) •

Substituting (9), (10) and (11) into (6) and rearranging, we obtain (5).
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