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ABSTRACT

First, a model with separable utilities in the externalities is
presented to analyze the impact of direct and indirect taxes'on the
correction of externalities that are caused by the consumpfion of one
good. It is shown that the sign of the indirect tax is based not on the
Coﬁplemenparity (or lack thereof) between the two taxed goods, but on‘the
link between complementarity of the two goods for‘eaéh consumer and the-

size of the marginal impact pf his consumption pn the externality;' Second,

‘a model of externality aggregate is further developed along the previous

" lines and alternative definitions of complementarity are éonsideréd.




Taxation of Externalities: Direct versus Indirect

In thedr article on "Direct versus Indirect Remedies for Externalities,"
Green and Sheshinski (1976) show that, when the marginal impact of consumption

on the externality varies among individuals, a mix of direct and indirect

‘taxes 1s suyperior to direct taxes alone. The purpose of this note is to

give'sqme insights into their various results. If direct taxes affect
everyone's consumption without discrimiﬁation, while a discriﬁinating instru~
mentlis required to obtain the social optimum, it appears as less of a surprise
that any additiomal instrument nof totally correlated with the direct tax
(in a sense that will be defined later) will increase the range of achievable
contral of the externalities.

V '$his>faper follows the same line of apﬁroach as Diamoné's (1973)
"Externalities and Imperfect Correcticn Pricing,” whicﬁ étudiéé only direct
';pxes. Whenever possible, I relate my results fo his and show ﬁnder which

conditions they are identical. 1In the first section, I aﬁalee a model

' with‘utility separéble in externalities. In the second section, I analygze

a model of an externality aggregate.

1. SEPARABLE UTILITY

Each individual maximiées his utility function, given as

h, b  h -1 h-1 h+l N h

U(a.SB)"*"}:rtl(u,...,d ,d ,°°.'3d)+u9
subject to the following budget coenstraint:

(p + t)ah + (q + z)Bh + uh = mh,



where ah denotes the consumption level of the externality-causing good,
Bh the consumption level of another good, uh (assumed to be positive) the
income spent on all goods but on ah and Bh, mh the total income and t(z)

the direct (indirect) tax on a(R). Also, from the individual f.o.c., we have

h
U? —.p + t, U2 =qaq + 2.

Finally, taking derivatives of the f.o.c. with respect to t and zy it follows

that
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—Ulz/(idem), 3B/9z Ull/(idem) . (1)

Since we are concerned only with remedies to externalities, we can
agsume that the tax revenues are given back to the individuals in a Tump-
sum manner. We find the optimal level of taxes t and z by maximizing the

following welfare function:
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and U o At = T Ub 3¢ /3t (same is true for z). Taking the partial

h=1

derivatives of W(t, z), setting them equal to zero and replacing the
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individual f.o.c., we obtain

tA +zB +U0o'A =0,
t t ot
tA +2zB +U0o A =0..
z zZ z
Solving for t and z, we get
an n, Iy |
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n .
t Bz BtAz /At .,J

\ particular, if Do A /A = ¥ / * et =¥ '
In particular, i 0 A‘Z - ) At’At’ then z. = 0 -and t =ty =~ Uo At/At’

as shown in Diamond (eq. 10). This condition holds, in particular if

ql . . ot .
Ui are equal for all i or if UEZ/UiZ are equal for all i.- The latter condition

will be satisfied in the present context if evervone has the sare utility

function for goods o and R, but this assumption is highly unrealistic.

The former, on the other hand, implies that everyone's consumption has an
equal marginal effect on the sum of the utility functions of evervone else:
this holds in the case of an "atresphere" externality (see Meade, 1952).

Y]
For simplicity, I shall assume that Ui is negative for all 1 in the

' 1 . ' s ' ;
- sequel™, i.e., the consumption of good « causes a negative externality.

o~

N .
Since both U o At/At and Bz - BtA7/At (by concavity of utility functions)

are negative,
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z >0 as Az/At >TVoA /UoA,. (4)
Rewriting
* - i >
S 1+B‘(A/At i\foAz‘/UoAt ’ )
B - Bt AZ/At
we obtain
E k < /> :
t < t, as 2 ><<) 0 if Bt < (>) 0. (6)

* %
Note that for Bt =0, t = tD though z can be negative or positive..

Interpreting Bt as an index of aggregate complementarity between goods o
and B in particular, if goods o and B are ’complements (substitutes) i.e.,

i
U12

that conventional wisdom stating that the tax on the complement of an

> (<) 0, for all individuals, Bt < (>) 0, one may be tempted to conclude

externality~causing good ought to be pecsitive is incorrect. Since Bt = AZ,
Bt also measures thie response of the aggregate demand for good o to the
indiréct tax =z.

fo vnderstand ﬁhe reiationship bétween the taxes and aggregate
complementarity (or lack of it), we must first determine under what
circumstances the second inequality in (4) goes one way or the other.
Using the definitions in (1), we see that the problem is mathematically
equivalent to

in/Zyi p Zlixi/ZAiyi v , (7

such that Ai’ v, < 0. If xi/yi and Ai (~Ai) are increasing in i, the left
(right) hand side is greater. Therefore,-z* is positive (negative) when

the largest exterpality-causing individusls at the margin have & utility

with the greatest relative level of complementarity (substituticn) between



goods o and B (i.e., with the smallest [greatest] U12/U22). As the direct
tax t similaily affects individuals whose consumption of good o causes
a different level of externality at the margin, it is no surpfise that an
additional instrument, the indirect tax z, should improve the situation if
one can link differentially the large externality-causing individuals with
its impact on the comsumption of good o. As expected, 1f the large
externality—-causing individuals view goods o aﬁd B as complements
(substitutes), good B should also be taxed (subsidized).

Condition (6) can be interpreted in the folléwing manner: tp (the
direct tax in abseﬁce of indirect taxes) represents the desired level
of taxation to reduce consumpticn of good o, which causes the externality;
as an indirect tax or subsidy is levied on good‘a to reach differeﬁtially
the worst offenders, this indirect tax z affects ever&one——and thus the
consumption of good a--because Bt=Az' Se, if goods o« and B are'complements
in the aggregate (Bt < 0) and z* < 0, the consumpticn of good o is |
increased by the indirect subsidy, necessitating additiénal direct tax
to maintain aggregate consumption of good o at the desired level. Tne
reader can interpret the cther possibilities.along fﬁose lines. Thus,
conventional wisdom is proven correct.

As a matter of curiosity, a similar analysis could be performed for

'S

N N : * N .
t =Owhen B /B, =Uo A /U6 A . In that case, z =-Uo A / B , thus |
z t z t t t
we tax (subsidize) good B when goods o and B are complements (substitutes)
in the aggregate. Once again, conventicral wisdem is correct.

’

Z. EXTERNALITY AGGREGATE

Fach individual maximizes a utility function given by

h, h h . k
U(ey, B, v) + v




subject to the following budget constraint:
h h h
(p+t)uh + (q+z)8 +u =m,

with the convention defined in section 1. The externality level is

defined as Y(al, . e ey aN), which depends on the consumption of everyone.
We éiso assume that the individual choice of a consumption bundle is indepen-
dent of its own effect on the aggregate level of externality; this implies

that the individual f.o.c.'s are

=p+t, Uh =q + z.

h
v 2

l,
The impact of both taxes on the externalities can be signed, as
h, h
dy _ Iy 3o /3t s dy _ I Yhaah/BZ ’

h, b, .
dt 1~ Iy 2a /o¥ dz 1 - thaah/ay

if we assume that the consumption of everyone increases externality
h , .. h
(y > 0) and the externality causes a reduction in consumption (3a /3y < 0).
As in the previous section, the taxes, t and z, are chosen so as to

mpaximize the following social welfare function:

L Ny Ty
Wi, z22=* U(,f,Y)-p L o -qg I B
h:l n=l h=l
A
Let dA/dt = A + A_ dy/dt and U = U dy/dt, where #_ = I da /0y and
t Y t v Y ey

the notation of the previous section is used (the same is true for T and z).

Taking the f.o.c. of W(t,z), we obtain

t dA/dt + 2z dB/dt + Ut = 0,



t dA/dz + z dB/dz + Uz = 0,

Solving for t and z, we get

> dB/dz - (U_[U) dB/dt

© aa/de | aB/dz - [(dA/dz) / (dA/dt)] dB/dt

i A/dz -
x U dA/dz - (U /U ) dA/dt

z = -
dA/dt dB/dz - [(dA/dZz)./(dA/dt)] dB/dt |

From this point on, an analysis similar to the one done in section 1
can be performed; I shall only point out the highlights and explain what
" happened in Green and Sheshinski.

If (4A/dz) / (aa/dt) = U /U, Z =0 and t = t_ = -U,/(dA/dt), which is the

tD .
result obtained by Diamond (see his equation (22)). That condition is

haahlat), i.e., the

equivalent to A7/At = (3y/8z) / (dy/at) = (thaah/az§ / (Ty
ratio of the marginal impact of the two taxes on aggregate demand (either partial
At or total dA/dt) of good o is equal to the ratio of the marginal impact

of the two taxes on the exterpality aggregate. Alsc, if (dB/dz) / (dB/dt) =

_ * * : h :
Uz/Ut’ t =0and z =~ Ut/(dB/dt); in this case, z* ; 0 as dB/dt : 0.

If one interprets acggregate complementarity in an operaticnel way, the
positive response of demand for good 1 when the price of gocd 2 is’increased
should indicate that goods 1 and 2 are substitutes. FHowever, in fhe
presence cf externalities, there is no guarantee that the respénse of demand
for good 1 to & price increase in good 2 should be in the same directicr as : |
the response of demand fer geod 2 to a price increase in good 1. With thet
caution, the conventioral wisdowr holds for the above operational definition

of complementarity.




Even though the example of Green and Sheshinski does not exactly
fit the two models sclved here, the apparent contradiction lies‘in the fact
that dA/dz (dB/dt) can be of a different sign than Az (At).v‘In ?articular,
in their example they have dA/dz = aal[az + (aaz/ay) « (dy/dz), where
aaz/ay is extremely large; and since aql/az and df/dz are of the same sign,
the operational complementarity dA/dz is of a different sign than the
simple definition they used, which employs only the cross-partial derivative

of the utility function.

'3, CONCLUSION

This paper shows that there is no simple relation between.the
-gigns of indirect taxation and complementarity as defined 'in the usual
-way, but that a detailed analysis enables us to explain the sign: taken
by the indirect tax. This additional instrument is used to get at
individuals who are the largest sources. of externality if as a group

. they are different from the whole of society, in terms of the complemen-

tarity of the goods in their consumption bundle.



NOTES

lThe argument could be carried as easily without that assumption,

but the interpretation would have to be adjusted accordingly.

) ' 2 2
. . < ¢
= If a; 0, bi < 0 and aibi > ci

2
‘ for all i, then (Zai)(Zbi) > (Zci) .
»?Y gl), BZ - BtAz/At has that structure.

v 3.
- "If we solVe in extenso, we obtain

* _UY dy/dt (Bt dy/dz - B, dy/dt)

t = e — -
dA/dt (B, dy/dz - B, dy/dt) + dB/dt (Az dy/dt - Al dy/dz)

: UY dy/dt (AZ dy/dt - At dy/dz)
B (idem)

4

.where the ccefficients Bt dy/dz - B_ dy/dt and A; dy/dt - At dy/dz are

exactly the conditions which determine if t and/or z are zero. Diamond's

‘ * :
;eSU1t is t = ~U§ (dy/dt) / (dA/dt).
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