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ABSTRACT

Fir~t, a model with separable utilities i~ th~ externalities is

~resented to analyze the impact of direct and indirect taxes on th~

co~rection of exte~alities that are caused by th~ consunwtion of one

goqd. Jt is shown that the sign of the ipd!irect tax iEi based not. on the

corp,plementari ty (or lack thereof) bE?t;ween the two taxeq goods, but (,:In the

link between complementarity of the two gpods for each conEiumer and the

size of the ~arginat ~mpac~ pf h~s consu~ption pn the externality, Second,

. a 1'Q.04el of externa!:i,. ty aggregate' i~ further developed a.long tpe previous

lines and alterna.tive definitions of compleimentarity are considerep.



Taxation of Externaliti.es: Direct versus Indirect

In their article on "Direct v~rsus Indirect Remedies for.Extern~lities,"

G+ee~ and Sheshinski (1976) show that, when the marginal impact of consumption

on the externality varies among individuals, a mix of direct and indirect

ta~es ~s super~or to direct taxes alone. The purpose of this note is to

give sqme insights into their various results. If direct taxes ~ffeGt

everyone's co~sumption without discrimination, while a discriminating instru-

me~~ ~s require~ to obtain the so~ial optimum, it appears as less of a s~rprise

that any additional instrument not totally correlated with the direct tax

(in a sense that will be defined lq.ter) ~7ill increase the range of achie,!able

contro~ of the externalities •

. 'l:'h~s Pilper fQllows the same line of approach ilS Diamon,d's (1973)

"~Jcterna+ities an.p. Imperfect Correcti!"'!! Pricing;" which studies only direct

~flxes. Whenever possible, I relate my results to his and show under whi.cp

conditipns ~hey are identical. In the first section, I analyze a model

with ~ti1ity separable in externalities. In the second section, I. anqlyze

a model of an externality aggregate •

.1.SEPARABLE UTILITY

Each individual maxirniz~s his utility function, given as

h h h· :::b . l' h-1 h+1 N h
U (a.. , S ) + U (a. , • • ., et ,et ," .• , d. ) + Jl ,

subjec~ to the following budget constraint:

(p + t)o.h + (q + z)f3h + ].1h h= m ,
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h
where a denotes the consumption level of the externality-causing good,

he the consumption level of another

h
incollle spent; on all goods but on a

the direct (indi~ect) tax on a(S).

good, ~h (assumed to be positive) the

h h
and e ,m th~ total income and t(z)

Also, from the individual f. o. c., we have

~ = p + t, g + z.
" ".

F:i;na;Uy, ~ak.ing derivatives of the f. o. c. with respeet to t.~nd z" ~t follows

that

2
....u12/(id~m) ,

~-, .
Cla/at = U2/ (V11U22 - ~l2) , Cla,!aZ =

(f"

as/au T -U
l2

/(idem), Cls/aZ = U'll/ (idem) (1)

Since we are concerned only with remedies to externalities, we can

assume that the taX revenues are given back to the in~ividuals in a lump-

sum manner. We finq. the optimal level of taxes t and z by maximizi.ng the

following welfare function:

!:{
Wet, ~) = r.

h=1

h+1 N
a , ••• ,a)

N
•. p t

h=l

h N
a - qL:

h=l

Let
N
L

h:::ll

'\ h,,\
aCt lot,

..,
1

h=1

'U
U

i

N
r

h=l
U ClClh/at (same is true for z).

h
Tp,Jdng the partial

derivatJ.ves of Wet, z), setting them equal to ;wro c;md replacing the
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individual f.o.c., we obtain

tV .
0,t A + z B + U I;) A

t t t

t A + z B + ~ 0 A = 0.
z z z

Solving for t ~nd ~, we get

'f;
tV [Bz B (ti 0 A

tV

At~-U 0 At f U 0t ;:; t· z
I

At B - B A fA
z t z t

tV [\ At(ti
tV

At~* + U 0 A o A f U 0z ~ t z

At B - B A fAtz t z

(2)

(3)

tV
In particular, if U 0 A/Az

,.,

as shown in Diamond (eq. 10). This condition holds, in par~icular if

~i are equal for 8,11 i or if U~2fui2 are equal for all i.' The latter condition

will be satisfied in the present context if everyo~e has the same. utility

function for goods Ct and 8, bu.t this assu.mption is highly unrealistic.

The. former. on theothe.r hand, implies tha.t everyone' sconsumption has an

equal margina] effect on the sum of the utility functions of everyone. else;

this ho1qs in the case of an "atnosphere" externality (see Heade, 1952).

tV
For simplicity, I shall assume that U. is negative for all i in the

1.

. 11
sequ e ,i.. e. , the consumption of good Ct c.auses a negativ~ E:xternali ty.

tV ')
Since both U 0 A fA and B - B A fA (by conciwi.ty of utility funct:i.ons)'-

t. t z tz t .

are negative,
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* < < tV tV
Z > 0 as A fA > U o A f u OAt·z t z

R,ewriting

* [ Bt(VAt - II 0 Az I 11 0 At) ]t = t;D
1 + i B - B A fA '

z t z t

w~ obtain

(4)

as (6)

*Note that for B
t

= 0, t
0]<

= t D ~hough z can be negative or positive •.

~~nerpre~ing B
t

as am in~ex of aggregate complementarity between goods a

a~d S in particular, if goods a and S are<compJements (substitutes) i.~.,

i
U12 > «) 0, for all individuals, Bt < (» 0, one may be tempted to conclude

that conventional wisdom stating that the tax on the complement of an

ext.ern.ali.ty~causinggood ought to be positive is incorrect. Sir..ce Bt
= A ,

z

B
t

also measures the response of the aggregate demand for good a to the

indirect tax z.

To vnderstand the relationship between the taxes and aggregate

compl~mentarity (or lack of it), we must first determine ur.der what

9ircumstances the second inequality 11;1 (4) goes one WaY or the other.

Using the definitions in (1), we see that the.proQlenl is mathematically

equivalent to

>
Lx.fry. < LA.x./rA.y.

1 1 1. 1 1 1
(7)

such that Ad v. < 0. If x,fy. and }" (-A.) are incrreasing in i, the left
1 '1 1 J. J. 1.

:I:
(right) hand side is greater. Therefore, z is positive (negative) wl:en

the largest exterp.a.lity--causing individu.?ls nt the margin have a utility

\dth the gr~atest relative level of compleMentarity (substitution) bet\\7een
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goods a and S (i.e. ~ with the smallest [greatest] U
1
z!u

22
). As the direct

.
tax t similarly a~fects individuals whose consumption of good a causes

a different level of externality at the margin~ it is no surprise that an

additional instrument~ the indirect tax z~ should improve the situation if

one can link differentially the large externality-causing individuals with

its impact on the consumption of good a. As expected, if the large

externality-causing individuals view goods a and S as complements

(substitutes), good S should also be taxed (subsidized).

Condition (6) can be interpreted in the following manner: t n (the

direct tax in absence of indirect taxes) represents the desired level

of taxation to reduce consumption of good a, which causes the externality;

as an indirect tax or subsidy is levied on good a to reach differentially

the worst offenders, this indirect tax z affects everyone~-and thus the

consumpti.on of good a--becausc B =A. So, if goods a and S are complements
t z

*in the aggregate (B t < 0) and z < 0, the consumption of good a is

increased by the indirect subsi.dy, necessitating a.dditiona1 direc·t tax

1;0 maintain aggregate consumpti.on of good a at the desired level. The

reader can interpret the ether possibi.1ities along those lines. Thus,

conventional wisdom is proven correct.

As a matter of curiosi ty, a similar analysis· could bE~ performed for

*t *In that case, Z '"= _·u 0 A / B , thus
t t

we tax (subsidize) good S when goods a and S are compJements (substitutes)

in the aggregate. On.ce again, conventicf'a1 ~d.sdom is correct.

2. EXTEFNALIl'Y AGGFEGA'l'E

Each indi.Yidua1 maximi zes a uti 1i ty funct.ion given by

Uh( h Qh '+ h. a, p ,y) )J
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subject to the following budget constraint:

h h h h
(p+t)a. + (q+z)S + 1l '? m ,

with the convention defined in section 1. The externality level is

1 Ndefined as y(a. , ••• , a. ), which depends on the consumption of everyone.

We also assume that the individual choice of a consumption bundle is indepen-

dent of its own effect on the aggregate level of externality; this implies

that the individual f.o.c.'s are

h
Ul' = P + t , ~ = q + z.

The impact of both taxes on the externalities can be signed, as

h hEx = 1: Y da. /dz
dz 1 - Eyhda.h/dy

if we assume that the consumption of everyone increases ext~rnality

h h
(y > 0) and the externality causes a reduction in consuroptionOa /dy < 0).

As in the prmdous secti.on, the taxes, t and z, are chosen so as to

maximize the following social welfare function:

N
Wet, z) = l:

h==l
l ,h( h

I a.,
h

(3 , y) - p
N
1:

h=l

h
0: - q

N
I:

h=l

Let dA/dt =A + A dy/dt and U
t y t

N h
= p, dy / d t, whe.re /. y =: L: 30: /'dyy

h=1
and

the notation of the previous section is used (the same is true for f, a1:(: z).

TAking the f.o.c. of W(t,z), we obtain

t dA/dt + z dB/dt + U
t

= 0,
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t dA/dz + zdB/dz + U = o.
z

So~ving for t and z, we get

* -U [dll/dZ - (U /U ) dB/dt

dB/dt]
t z tt =

dA/dt dB/dz - [(dA/dz~ / (dA/dt)l

*
U [<!A/dZ - (U /U ) dA/dt

~~/dJ= _t_ z t
?:

dA/dt dB/dz - [(dA/dz). / (dA/dt) ]

From this point on, an analysis similar to the one done in section 1

can be performed; I shall only point out the highlights and explain what

. h~ppened in Green and gheshinski.

*If (dA/di) / (dA/dt) = U /U , z = a and t ~. t n = -Ut/(dA/dt), which is thez t

result optained py Diamond (see his equation (22». That condition is

equival~l'lt to A/At = (3y/3z). / (ay/at) = O::yhaah jaz) /O:yhaah/at), Le., the

ratio of the marginal impact of the t'tITO taxes on aggl,"egatedemand (e~ther partifl.l

At or total dA!dt) of good ais equal to the ratio of the marginal impact

of the two taxes on the externality aggregate. ,Also, if (dB/dz) / (dB/dt) =

* * . ~ < >Uz/U
t

, t = 0 an~ z = - Ut/(dB/dt); in this case, z > 0 as dB/dt < O.

If one interprets [!.ggregate complementarity in an operationeJ. way, the

pos~tive response of demand for good 1 when tile price of good 2 is incre~sea

should indi~ate that goods 1 and 2 are substitutes. :However, in the

~resence of externalities, there is no guarantee that the response of de~and

fer good 1 to a price incre~lse in good 2 should be in the same direction a.s
,

the response of demand for good 2 to a price increase in good 1. y.Jj, th tr~8 t

caution, the. conventior..al wisdolT: holds for .the. above operational definition

of complementarity.
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EVE\n though the example of Gr~en and Sheshinsk:t does not exactly

fi t the two models solved here, the apparent contrac!j.ctioJ;l lies in the fact

that dA/dz (dB/dt) can be of a different sign than A (A). In particular,z t

in their example they have dA/dz = aa1/az + (aaZ/ay) • (dy/dz), where

aaZ/ay is extremely large; and since a~l/az and dy/dz are of the Same sign,

the operational complementarity dA/dz is of a different sign than the

simple def~nition they used, which employs only the cross-part~a~ derivative

of the utility func~ion.

3. CONCLU~ION

This paper shows that there is no simple relation between, the

's~gns of indirect taxation and complementarity as defined 'in the usual

WfY' bVt that a detailed analysis enables us to explain the sign, taken

by the indirect tax. This additional instrument is used to get at!:

indivi,dua1s who are the largest sources, of externality if as a group

tp.ey are different-from the whole of society, in terms' of the comp1emen-

tarity of the goods in their consumption bundle.
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If ai < 0, bi < ° and ~ibi > c

i
fqr all i, then (Eai)(Eb i ) > (Eci ) •

(1), Bz - BtA/At has that struc,ture.

I QI
bqtI

"

By
I,

9

NOTES

llbe argument could be c8+ried as easily witho~t that assumption,

th~ interpretation would h&ve to be adjusted accordingly.

':l

"';I:f we sQlve in extens9, we obtain

* -Ur .dy/d,t (B
t

qy/dz -Bz dy/dt)
t ;= ~-L---'-"-i-,---~---.........,....!-..::....-----..-,-....--------..--....:......---

dA/dt (B t dy/dz - Bz dy/dt) + dB/dt (Az dy/dt - At dy/dz)

z = U
x

dy/dt (Az dy/dt - At dy/dz)

(idem)

'.\

. where th~ coefficie,nts Bt dy/dz - B dy/dt and A dy/dt - At dy/dz are
z z

exactly tre conditions which determine if t and/or z are zero. Diamond's

*resul~ is t = -U (dy/dt) / (dA/dt).. y
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