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IRP Lectures Madison, WI, August 2008
Lecture 15, Wednesday, Aug 6th, 11.00-12.00pm

Weak Instruments and Many Instruments

1. Introduction

In recent years a literature has emerged that has raised camns with the quality of
inferences based on conventional methods such as Two Stagmdt Squares (TSLS) and
Limited Information Maximum Likelihood (LIML) in instrume ntal variables settings when
the instrument(s) is/are only weakly correlated with the emlogenous regressor(s). Although
earlier work had already established the poor quality of ceentional normal approximations
with weak or irrelevant instruments, the recent literaturehas been motivated by empirical
work whereex postconventional large sample approximations were found to beisteading.
The recent literature has aimed at developing better estimars and more reliable methods

for inference.

There are two aspects of the problem. In the just-identi ed ase (with the number of
instruments equal to the number of endogenous regressorsy, with low degrees of over-
identi cation, the focus has largely been on the construatin of con dence intervals that
have good coverage properties even if the instruments areake Even with very weak, or
completely irrelevant, instruments, conventional methosl are rarely substantively mislead-
ing, unless the degree of endogeneity is higher than one tygily encounters in studies using
cross-section data. Conventional TSLS or LIML con dence tervals tend to be wide when
the instrument is very weak, even if those intervals do not he the correct nominal cov-
erage for all parts of the parameter space. In this case bettestimators are generally not
available. Improved methods for con dence intervals baseoh inverting test statistics have
been developed although these do not have the simple form of @stimate plus or minus a

constant times a standard error.

The second case of interest is that with a high degree of ovéenti cation. These settings

often arise by interacting a set of basic instruments with eegenous covariates in order to
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improve precision. If there are many (weak) instruments, ahdard estimators can be severely
biased, and conventional methods for inference can be médeng. In particular TSLS has
been found to have very poor properties in these settings. 8tstrapping does not solve these
problems. LIML is generally much better, although conventinal LIML standard errors are
too small. A simple to implement proportional adjustment tothe LIML standard errors based
on the Bekker many-instrument asymptotics or the Chamberia-Imbens random coe cients

argument appears to lead to substantial improvements in cevage rates.
2. Motivation

Much of the recent literature is motivated by a study by Angrst and Krueger (1991, AK).
Subsequently Bound, Jaeger and Baker (1996, BJB) showed thiar some speci cations AK
employed normal approximations were not appropriate dedpivery large sample sizes (over
300,000 observations).

2.1 The Angrist-Krueger Study

AK were interested in estimating the returns to years of edation. Their basic speci -

cation is:

where; is log (yearly) earnings andg; is years of education. Their concern, following a
long literature in economics, e.g., Griliches, (1977), Car(2001), is that years of schooling
may be endogenous, with pre-schooling levels of ability acéng both schooling choices and
earnings given education levels. In an ingenuous attemp tddress the endogeneity problem
AK exploit variation in schooling levels that arise from di erential impacts of compulsory
schooling laws. School districts typically require a stud to have turned six by January
1st of the year the student enters school. Since individualge required to stay in school
till they turn sixteen, individual born in the rst quarter h ave lower required minimum
schooling levels than individuals born in the last quarter.The cuto dates and minimum

school dropout age dier a little bit by state and over time, ® the full picture is more
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complicated but the basic point is that the compulsory schdimg laws generate variation in
schooling levels by quarter of birth that AK exploit. Let Q; be the indicator for being born

in the fourth quarter.

One can argue that a more natural analysis of such data wouldebas a Regression
Discontinuity (RD) design, where we focus on comparisons ofdividuals born close to the
cuto date. We will discuss such designs in a later lecture. éWwever, in the census only
guarter of birth is observed, not the actual date, so there im fact little that can be done
with the RD approach beyond what AK do. In addition, there aresubstantive arguments
why quarter of birth need not be a valid instrument (e.g., sesonal patterns in births, or
di erential impacts of education by age at entering school)AK discuss many of the potential
concerns. See also Bound, Jaeger and Baker (1996). We do nistdss these concerns here

further.

Table 1 shows average years of education and average log gwys for individual born in

the rst and fourth quarter, using the 1990 census. This is aubset of the AK data.

Table 1. Summary Statistics Subset of AK Data

Variable 1st Quarter 4th Quarter dierence
Year of Education 12.688 12.840 0.151
Log Earnings 5.892 5.905 0.014
ratio 0.089

The sample size is 162,487. The last column gives the di emnbetween the averages by
guarter, and the last row the ratio of the di erence in averags. The last number is the Wald

estimate of the returns to education based on these data:
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whereY, and E; are the average level of log earnings and years of education ihdividuals
born in the t-th quarter. This is also equal to the Two-Stage-Least-Sques (TSLS) and
Limited-Information-Maximum-Likelihood (LIML) estimat es because there is only a single
instrument and a single endogenous regressor. The standamor here is based on the delta

method and asymptotic joint normality of the numerator and &enominator.

AK also present estimates based on additional instrumentsThey take the basic in-
strument and interact it with 50 state and 9 year of birth dummes. Here we take this
a bit further, and following Chamberlain and Imbens (2004) @& interact the single binary
instrument with state times year of birth dummies to get 500nstruments. Denote the 500
dimensional vector of interactions of year and state of bint by W;, and let X; = (W%;)°
be 501 dimensional the vector of included covariates (botm@ogenous and exogenous) and
Z = (W2Q; W9°be the 1000 dimensional vector of exogenous variables (irdihg both
the excluded instrumentsQ; W; and the included exogenosu regressdfg). This leads to

the following model:
Yi:XiO +"i:Wi00+ E; 1+ " E[Z| "i]:O:

Let Y, X, and Z be theN 1 vector of log earnings, theN 501 matrix with regressors,

and the N 1000 matrix of instruments. The TSLS estimator for is then
Msis = X%Z(2%2) 2% L X% (z%) *z%

For these data this leads to
"rsLs = 0:073 (Q008)

The LIML estimator adds a normal model for the relation betwen the L vector X; and the

K -vector Z;, of the form



Imbens/Wooldridge, IRP Lecture Notes 15, August '08 5

and is based on maximization of the log likelihood function

Yig\NiloziOlYig\Nilozi

1. .. 1
LG )= 2Nl 2 E Zi E Zi

_ 2
i=1

where is the reduced form covariance matrix (the covariane matrix of ("; ;)°.

For this subset of the AK data we nd, for the coe cient on years of education,
"LmL =0:095 (Q017)

In large samples the LIML and TSLS are equivalent under homksdasticity.
2.2 The Bound-Jaeger-Baker critique

BJB found that are potential problems with the AK results. They suggested that despite
the large samples used by AK large sample normal approximatis may be very poor. The
reason is that the instruments are only very weakly correlatd with the endogenous regressor.
The most striking evidence for this is based on the followingalculations, that are based
on a suggestion by Alan Krueger. Take the AK data and re-caltate their estimates after
replacing the actual quarter of birth dummies by random indiators with the same marginal
distribution. In principle this means that the standard (gaussian) large sample approxima-
tions for TSLS and LIML are invalid since they rely on non-zey correlations between the
instruments and the endogenous regressor. Doing these a&tions once for the single and
500 instrument case, for both TSLS and LIML, leads to the re#ts in Table 2
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Table 2. Real and Random QOB Estimates

Single Instrument 500 Instruments
TSLS LIML
Real QOB 0.089 (0.011) 0.073 (0.008) 0.095 (0.017)

Random QOB -1.958 (18.116) 0.059 (0.085) -0.330 (0.1001)

With the single instrument the results are not so disconcegning. Although the con dence
interval is obviously not valid, it is wide, and few researafrs would be misled by the results.
With many instruments the results are much more troubling. Athough the instrument con-
tains no information, the results suggest that the instrumets can be used to infer precisely
what the returns to education are. These results have prowed the motivation for the re-
cent weak instrument literature. Note that there is an earkr literature, e.g., Phillips (1984)
Rothenberg (1984), but it is the BJB ndings that got the attention of researchers doing

empirical work.
2.3 Simulations with Weak Instruments and Varying Degrees of Endogeneity

Here we provide slightly more systematic simulation evidee of the weak instrument
problems in the AK setting. We create 10,000 arti cial data sts, all of size 160,000, designed
to mimic the key features of the AK data. In each of these dataess half the units have
guarter of birth (denoted by Q;) equal to 0 and 1 respectively. Then we draw the two reduced

form residuals ; and ; from a joint normal distribution

0 0:448 P 0:446 P 10071

i :
i N 0 p0:446 10071 10071

The variances of the reduced form errors mimic those in the Aldata. The correlation

between the reduced form residuals in the AK data is 0.318. Ehimplied OLS coe cient is
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0:446= 10.071. Then years of education is equal to

E; =12:688 +0:151 Q; + ;

and log earnings is equal to

Y =5:892+0:014 Q; +

Now we calculate the IV estimator and its standard error, usig either the actual gob

variable or a random qob variable as the instrument. We are terested in the size of tests

of the null that coe cient on years of education is equal to @089 = 0:014-0:151. We base

the test on the t-statistic. Thus we reject the null if the ratio of the point estimate minus

0.089 and the standard error is greater than 1.96 in absolutalue. We repeat this for 12

di erent values of the reduced form error correlation. In Téle 3 we report the proportion

of rejections and the median and 0.10 quantile of the width dhe estimated 95% con dence

intervals.
Table 3: Coverage Rates of Conv. TSLS CI by Degree of Endogene ity
00 0.1 0.2 03 04 05 06 07 08 09 0.9 0.9
implied OLS 0.00 0.02 004 006 008 0.11 0.13 0.15 0.17 0.12000.21
Real QOB 095 095 095 095 095 0.95 0.95 0.96 095 0.95 0M®@85
Med Width 95% CI 0.09 0.09 0.09 0.08 0.08 0.08 0.07 0.07 0.06050.0.05 0.05
0.10 quant Width 0.08 0.08 0.08 0.07 0.07 0.07 0.06 0.06 0.05040 0.04 o0.04
Random QOB 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.98 0.982 00.53
Med Width 95% CI 1.82 1.81 1.78 1.73 166 157 145 1.30 1.09790.0.57 0.26
0.10 quant Width 0.55 055 05403 0.53 051 0.48 0.42 0.40 30.®.24 0.17 0.08
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In this example, unless the reduced form correlations are ryehigh, e.g., at least 0.95,
with irrelevant the conventional con dence intervals are wde and have good coverage. The
amount of endogeneity that would be required for the conveiatnal con dence intervals to
be misleading is higher than one typically encounters in cge-section settings. It is likely
that these results extend to cases with a low degree of ovelenti cation, using either TSLS,
or preferably LIML. Put di erently, although formally conv entional con dence intervals are
not valid uniformly over the parameter space (e.g., Dufourl997), there are no examples we
are aware of where they have substantively misleading in jslenti ed examples. This in
contrast to the case with many weak instruments where espatty TSLS can be misleading

in empirically relevant settings.
3. Weak Instruments

Here we discuss the weak instrument problem in the case of agle instrument, a single
endogenous regressor, and no additional exogenous regnesbeyond the intercept. More
generally the qualitative features of these results by anduge apply to the case with a few

weak instruments. We consider the model
Yi= ot 1 Xi+ "]
Xi= o+ 1 Zi+ §;

with ("i; i) ? Z;, and jointly normal with covariance matrix . (The normalit y is mainly
for some of the exact results, and it does not play an importamole.) The reduced form for

the rst equation is
Yi= ot 1 Zit i
where the parameter of interestis; = 1= ;. Let

0 ll. ll. 0
- E ! L and = E ' L
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be the covariance matrix of the reduced form and stuctural diurbances respectively. Many
of the formal results in the literature are for the case of kivan , and normal disturbances.
This is largely innocuous, as can be precisely estimated itypical data sets. Note that
this it not the same as assuming that is known, which is not imocuous since it depends

on and , and cannot be precisely estimated in settings with weak ilements

2
11 2 12t 2 12 22
12 22 22

The standard estimator for 4 is

Py _ _

AV Nl,-, iw i Y Zi Z

1 - LI N [— — 1
s L Xi X z Z

_ P _ _
whereY = ;Y;=N, and similarly for X and Z.

A simple interpretation of the weak instrument is that with the concentration parameter

close to zero, both the covariance in the numerator and the \@riance in the denomina-
tor are close to zero. In reasonably large samples both arelwapproximated by normal

distributions:
!

p— 1 X = _
N T Y Yz Z Cov(Yiz) N (OV(Y Z);
i=1
and
!
p_— 1 X — _
N W Xi X Z Z Cov(Xi;Z)) N O;V(Xi Z)):

i=1

These two normal approximations tend to be accurate in apmations with reasonable sample
sizes, irrespective of the population values of the covanees. If 1 6 0, as the sample size

gets large, then the ratio will eventually be well approximged by a normal distribution
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as well. However, if CovK;;Z;) 0, the ratio may be better approximated by a Cauchy

distribution, as the ratio of two normals centered close toero.

The weak instrument literature is concerned with inferenctor ; when the concentration

parameter is too close to zero for the normal approximation to the ratido be accurate.

Staiger and Stock (1997, SS) formalize the problem by invéghting the distribution of
the standard IV estimator under an alternative asymptotic @proximation. The standard
asymptotics (strong instrument asymptotics in the SS ternmology) is based on xed param-
eters and the sample size getting large. In their alternatevzasymptotic sequence SS mode]
as a function of the sample size,;y = czp N, so that the concentration parameter converges

to a constant:
I & V(Z):

SS then compare coverage properties of various con denceemvals under this (weak instru-

ment) asymptotic sequence.

The importance of the SS approach is not in the speci c seques. The concern is more
that if a particular con dence interval does not have the appopriate coverage asymptotically
under the SS asymptotics, then there are values of the (nuisze) parameters in a potentially
important part of the parameter space (hamely around; = 0) such that the actual coverage
is substantially away from the nominal coverage for any sarfgsize. More recently the issue
has therefore been reformulated as requiring con dence éwvals to have asymptotically the
correct coverage probabilities uniformly in the parametespace. See for a discussion from
this perspective Mikusheva (2007). For estimation this pspective is not helpful: there
cannot be estimators that are consistent for uniformly in the parameter space since if

1 = 0, there are no consistent estimators for ;. However, for testing there are generally
con dence intervals that are uniformly valid, but they are ot of the conventional form, that

is, a point estimate plus or minus a constant times a standarerror.

3.1 Tests and Confidence Intervals in the Just-identified C ase
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Let the instrument Z; = Z; Z be measured in deviations from its mean. Then de ne
the statistic
1 X
Sto=§ & O 1 X
i=1
Then, under the null hypothesis that ; = ;, and conditional on the instruments, the
... P .
statistic N S( ;) has an exact normal distribution

p__ X
N S(,) N 0o zZ 2

Importantly, this result does not depend on the strength offlte instrument. Anderson and

Rubin (1949, AR) propose basing tests for the null hypothesi
Ho: 1= 1, against the alternative hypothesisH,: 16 ¥,

on this idea, through the statistic

2
i-1 Zi 1

AR

o

This statistic has an exact chi-squared distribution with @grees of freedom equal to one. In
practice, of course, one does not know the reduced form cagaice matrix , but substituting
an estimated version of this matrix based on the average of dhestimated reduced form

residuals does not a ect the large sample properties of thegt.

A con dence interval can be based on this test statistic by werting it. For example, for

a 95% con dence interval for ;, we would get
Clogs = f 1JAR( 1) 3:84g:

Note that this AR con dence interval cannot be empty, becaus at the standard IV estimator

"V we have AR("Y) = 0, and thus "V is always in the con dence interval. The con dence
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interval can be equal to the entire real line, if the correlabn between the endogenous re-
gressor and the instrument is close to zero. This is not suiping: in order to be valid even

if 1 =0, the con dence interval must include all real values withprobability 0:95.
3.3 Tests and Confidence Intervals in the Over-identified Ca se

The second case of interest is that with a single endogenowgressor and multiple in-
struments. We deal separately with the case where there areany (similar) instrument,
so this really concerns the case where the instruments areatjtatively di erent. Let the

number of instrumens be equal td , so that the reduced form is
Xi= o+ Zi+ i

with Z; a k-dimensional column vector. There is still only a single emgenous regressor,
and no exogenous regressors beyond the intercept. All thesuéis generalize to the case with
additional exogenous covariates at the expense of additadmotatio. The AR approach can
be extended easily to this over-identi ed case, because tlséatistic P N S( ,) still has a
normal distribution, but now a multivariate normal distrib ution. Hence one can base tests

on the AR statistic

Under the same conditions as before this has an exact chi-aged distribution with degrees
of freedom equal to the number of instrumentsk. A practical problem arises if we wish
to construct con dence intervals based on this statistic. §pose we construct a con dence

interval, analogously to the just-identi ed case, as
Clogs= 1 AR( 1) X (igs(K) ;

where X Z45(k) is the 0:95 quantile of the chi-squared distribution with degrees dreedom

equal tok. The problem is that this con dence interval can be empty. Tle interpretation
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is that the test does not only test whether ; = 9, but also tests whether the instruments

are valid. However, one generally may not want to combine tse hypotheses.

Kleibergen (2002) modi es the AR statistic and con dence iterval construction. Instead
of the statistic S( 1), he considers a statistic that looks at the correlation beteen a particular
linear combination of the instruments (namely the estimaté endogenous regressor) and the

residual:
s ? = zZ™(D) Y X

where " is the maximum likelihood estimator for ; under the restriction ;= 9. The test

is then based on the statistic

N S( 9)?2 1 !
K f=+‘—N(lg 1 £ 0 :
iz1 Zi 1

This statistic has no longer an exact chi-squared distributn, but in large samples it still
has an approximate chi-square distribution with degrees éfeedom equal to one. Hence the

test is straightforward to implement using standard methos.

Moreira (2003) proposes a method for adjusting the criticalalues that applies to a
number of tests, including the Kleibergen test. His idea isotfocus onsimilar tests, test
that have the same rejection probability for all values of teB nuisance parameter. The
nuisance parameter is here the vector of reduced form coeeants , since we assume the
residual covariance matrix is known. The way to adjust the dtical values is to consider the
distribution of a statistic such as the Kleibergen statistt conditional on a complete su cient
statistic for the nuisance parameter. In this setting a compte su cient statistic is readily
available in the form of the maximum likelihood estimator uder the null, ~;( 9). Moreira's

preferred test is based on the likelihood ratio. Let

LR 9 =2 L "5~ L %)
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be the likelihood ratio. Then let ¢ (p;0:95); be the Q95 quantile of the distribution of
LR ( 9) under the null hypothesis, conditional on £ 9) = p. The proposed test is to reject

the null hypothesis at the 5% level if
LR 9 >cir(*( 9);0:95),

where conventional test would use critical values from a clsiguared distribution with a
single degree of freedom. This test can then be converted tonstruct a 95% con dence
intervals. Calculation of the (large sample) critical vales is simpli ed by the fact that they
only depend on the number of instruments, and a scaled version of the (* 9). Tabulations
of these critical values are in Moreira (2003) and have beemogrammed in STATA (See

Moreira's website).
3.4 Conditioning on the First Stage

The AR, Kleibergen and Moreira proposals for con dence intgals are asymptotically
valid irrespective of the strength of the rst stage (the valie of ;). However, they are not
valid if one rst inspects the rst stage, and conditional onthe strength of that, decides to
proceed. Speci cally, if in practice one rst inspects the rst stage, and decide to abandon
the project if the rst stage F-statistic is less than some »d value, and otherwise proceed
by calculating an AR, Kleibergen or Moreira con dence inteval, the large sample coverage
probabilities would not necessarily be the nominal ones. Ipractice researchers do tend
to inspect and report the strength of the rst stage. This is rticularly true in recent
instrumental variables literature where researchers arguextensively for the validity of the
instrumental variables assumption. This typically invohes detailed arguments supporting
the alleged mechanism that leads to the correlation betwedime endogenous regressor and the
instruments. For example, Section | in AK (page 981-994) imgrely devoted to discussing
the reasons and evidence for the relation between their ingtments (quarter of birth) and

years of education. In such cases inference conditional dnst may be more appropriate.

Chioda and Jansson (2006) propose a clever alternative way tonstruct a con dence

interval that is valid conditional on the strength of the rst stage. Their proposed con dence
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interval is based on inverting a test statistic similar to the AR statistic. It has a non-standard
distribution conditional on the strength of the rst stage, and they suggest a procedure that
involves numerically approximating the critical values. Acaveat is that because the rst
stage F-statistic, or the rst stage estimates are not andgéry, conditioning on them involves
loss of information, and as a result the Chioda-Jansson cafence intervals are wider than

con dence intervals that are not valid conditional on the rst stage.
4. Many Weak Instruments

In this section we discuss the case with many weak instrument The problem is both
the bias in the standard estimators, and the misleadingly safl standard errors based on
conventional procedures, leading to poor coverage rates fandard con dence intervals in
many situations. The earlier simulations showed that espedly TSLS, and to a much lesser
extent LIML, have poor properties in this case. Note rst thda resampling methods such as
bootstrapping do not solve these problems. In fact, if one es the standard bootstrap with
TSLS in the AK data, one nds that the average of the bootstrapestimates is very close to

the TSLS point estimat, and that the bootstrap variance is vey close to the TSLS variance.

The literature has taken a number of approaches. Part of thetérature has focused on
alternative con dence intervals analogues to the single strument case. In addition a variety

of new point estimators have been proposed.
4.1 Bekker Asymptotics

In this setting alternative asymptotic approximations play a bigger role than in the single
instrument case. In an important paper Bekker (1995) derivelarge sample approximations
for TSLS and LIML based on sequences where the number of instrents increases propor-
tionally to the sample size. He shows that TSLS is not consestt in that case. LIML is
consistent, but the conventional LIML standard errors are at valid. Bekker then provides
LIML standard errors that are valid under this asymptotic sguence. Even with relatively
small numbers of instruments the di erences between the Bk&r and conventional asymp-

totics can be substantial. See also Chao and Swanson (200&)d Hansen, Hausman and
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Newey () for extensions.

Here we describe the Bekker correction to the standard ersofor the model with a single
endogenous regressors, allowing for the presence of exogemegressors. We write the model

as:
Yi= Xu+ au+"i= K+
where the single endogenous variabk,; satis es:
Xi= Zy+ Ha+ 1= Zi+ i
De ne the matricesP; and M7 as:
P, = 72(2%) 1z% Mz =1 Z(2%) z%
Let 2 be the variance of';, with consistent estimator ~%. The standard TSLS variance is
Vigs =22 (XP zX) 1

Under the standard, xed number of instrument asymptotics,the asymptotic variance for
LIML is identical to that for TSLS, and so in principle we can tse the same estimator. In

practice researchers typically estimate the variance forlML as

AN

1
Vim =72 XPzX XMzX
To get Bekker's correction, we need a little more notation. Bne
= Y X P Y X =N = él 12 ;
12 22

so that

11= YP 2zY=N; 12= YP zX=N; and 20 = XP z X=N:
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Now de ne
0 00 4 0
A=N 1o 12 2 12 1o = 22 22 22,
11 212 + 0
Then:
1
Vbekker:/\2 XP zX " XOMZX

A 1

(XP 2 X A) XP X XM 7 X

4.2 Random Effects Estimators

Chamberlain and Imbens (2004, CI) propose a random e ects gsi maximum likelihood

estimator. They propose modelling the rst stage coe ciens , for k = 1;:::;K, in the
regression
o X
Xi= o+ 1Zi+ i= ot k Zik + i,
k=1

(after normalizing the instruments to have mean zero and uniariance,) as independent
draws from anormalN ( ; 2) distribution. (More generally Cl allow for the possibility that
only some of the rst stage coe cients come from this commonidtribution, to take account
of settings where some of the instruments are qualitativelgh erent from the others.) The
idea is partly that in most cases with many instruments, as foexample in the AK study, the
instruments arise from interacting a small set of distinctnstruments with other covariates.
Hence it may be natural to think of the coe cients on these infuments in the reduced
form as exchangeable. This notion is captured by modellingné rst stage coe cients as
independent draws from the same distribution. In additionthis set up parametrizes the
many-weak instrument problem in terms of a few parametershé concern is that the values

of both and 2 are close to zero.

Assuming also joint normality for (i; i), one can derive the likelihood function

Lo 13 o 5 %)
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In contrast to the likelihood function in terms of the origiral parameters (o; 1; o; 1; ),
this likelihood function depends on a small set of paramet&rand a quadratic approximation

to its logarithms is more likely to be accurate.

Cl discuss some connections between the REQML estimator andML and TSLS in
the context of this parametric set up. First they show that inlarge samples, with a large
number of instruments, the TSLS estimator corresponds to ehrestricted maximum likeli-
hood estimator where the variance of the rst stage coe ciets is xed at a large number,

or 2=1":

"rsis  arg max =L(o 15 o ; 2=1;):
0: 1, 0,
From a Bayesian perspective, TSLS corresponds approximbitéo the posterior mode given
a at prior on all the parameters, and thus puts a large amounbf prior mass on values of

the parameter space where the instruments are jointly powfes.

In the same setting with a large number of instruments, no egenous covariates, and a
known reduced form covariance matrix, the LIML estimator cowesponds approximately to
the REQML estimator where we x 2 (1 1)° (1 1)%at alarge number. In the special
case where we x =0 and the random e ects speci cation applies to all isntrunents, CI
show that the REQML estimator is identical to LIML. However, like the Bekker asymptotics,
the REQML calculations suggests that the standard LIML varance is too small: the variance
of the REQML estimator is approximately equal to the standad LIML variance times

0 1
1+ 2

This is similar to the Bekker adjustment.
4.3 Choosing Subsets of the Instruments

In an interesting paper Donald and Newey (2001) consider th@roblem of choosing a

subset of an in nite sequence of instruments. They assumedhnstruments are ordered,
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so that the choice is the number of instruments to use. Giverhé set of instruments they
consider a variety of estimators including TSLS and LIML. Tle criterion they focus on
is based on an approximation to the expected squared error.hiE criterion is not feasible
because it depends on unknown parameters, but they show thaing an estimated version of
this leads to approximately the same expected squared erfas using the infeasible criterion.
Although in its current form not straightforward to implement, this is a very promising

approach that can apply to many related problems such as geaézed method of moments

settings with many moments.
4.4 Other Estimators

Other estimators have also been investigated in the many weanstrument settings.
Hansen, Hausman and Newey (2006), and Hausman, Newey and Yeéosen (2007) look at
Fuller's estimator, which is modi cation of LIML that has n ite moments. Phillips and Hale
(1977) (and later Angrist, Imbens and Krueger, 1999) sugges jackknive estimator. Hahn,

Hausman and Kuersteiner (2004) look at jackknife versiong ®SLS.
4.5 Flores' simulations

Many simulations exercises have been carried out for evalumy the performance of testing
procedures and point estimators. In general it is di cult to assess the evidence of these
experiments. They are rarely tied to actual data sets, and siine choices for parameters,

distributions, sample sizes, and number of instruments atgpically arbitrary.

In one of the more extensive simulation studies Flores-Lages (2007) reports results
comparing TSLS, LIML, Fuller, Bias corrected versions of TISS, LIML and Fuller, a Jack-
nife version of TSLS (Hahn, Hausman and Kuersteiner, 2004nd the REQML estimator, in
settings with 100 and 500 observations, and 5 and 30 instrunts for the single endogenous
variable. He looks at median bias, median absolute error,tér decile range, coverage rates,
and He concludes that \our evidence indicates that the rando-e ects quasi-maximum like-
lihood estimator outperforms alternative estimators in tems of median point estimates and

coverage rates." Note that Flores-Lagunas does not includ&ViL with the Bekker standard
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errors.

20
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